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Abstract
Arguments based on quantum mechanics and gravitation theory in the process of measure-
ment, as well as on open string theory in the presence of a background ﬁeld, indicate that
the concept of space-time as a continuous manifold breaks down at very short distances and a
possible description of physics at such scales is in terms of noncommuting coordinate operators.
This thesis endeavours to give an overview of the rapidly developing noncommutative quantum
ﬁeld and gauge theories and to present the new results obtained by the author. The eﬀects of
nonlocality and violation of Lorentz invariance, two intrinsic features of noncommutative ﬁeld
theories, are explored in relation to fundamental issues in physics, like the unitarity, causality,
spin-statistics and CPT theorems, as well as in gauge ﬁeld theory and model building, such
as the Standard Model. Phenomenological implications of such theories are also discussed.
The latest achievements in constructing an axiomatic formulation of noncommutative quan-
tum ﬁeld theories, together with the exact results obtained without any reference to a speciﬁc
Lagrangean or form of the interaction, are presented. The newly found symmetry of noncom-
mutative space-time under the twisted-Poincare´ transformations - the analogue of relativity
for the noncommutative space-time - is particularly emphasized, since it gives justiﬁcation to
all the treatments and calculations previously presented in the literature, on the basis that
the twisted-Poincare´ symmetry has representations identical to the usual ones, classifying the
particles according to their mass and spin.
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1
Introduction
The standard concept of space-time as a geometric space is based on the notion of a manifold
M whose points x ∈ M are locally labeled by a ﬁnite number of real coordinates xµ ∈ R4.
However, it is generally believed that the picture of space-time as a manifold should break
down at very short distances of the order of the Planck length λP ≈ 1.6 × 10−33 cm. This
implies that the mathematical concepts for high-energy (short-distance) physics have to be
changed, or more precisely, our classical geometrical concepts may not be well suited for the
description of physical phenomena at short distances.
Noncommutativity is an age-old theme in mathematics and physics. The noncommutativity
of spatial rotations in three and more dimensions is deeply ingrained in us. Noncommutativity
is the central mathematical concept expressing uncertainty in quantum mechanics, where it
applies to any pair of conjugate variables, such as position and momentum.
The idea behind space-time noncommutativity is very much inspired by quantum mechanics.
A quantum phase space is deﬁned by replacing canonical position and momentum variables
xi, pj with Hermitian operators xˆi, pˆj which obey the Heisenberg commutation relations
[xˆj , pˆi] = i  δij .
The phase space becomes smeared out and the notion of a point is replaced with that of a
Planck cell. In the classical limit  → 0, one recovers an ordinary space. It was von Neumann
who ﬁrst attempted to rigorously describe such a quantum ”space” and he dubbed this study
”pointless geometry”, refering to the fact that the notion of a point in a quantum phase space
is meaningless because of the Heisenberg uncertainty principle of quantum mechanics. This
led to the theory of von Neumann algebras and was essentially the birth of “noncommutative
geometry”, referring to the study of topological spaces whose commutative C∗-algebras of
functions are replaced by noncommutative algebras [1]. In such a setting, the study of the
properties of ”spaces” is performed in purely algebraic terms (abandoning the notion of a
”point”) and thereby allows for rich generalizations.
The generalization of commutation relations for the canonical operators (coordinate-momentum
or creation-annihilation operators) to a nontrivial commutation relation of coordinate opera-
tors was suggested long ago by Heisenberg [2] in attempts to achieve a regularization for his
(nonrenormalizable) nonlinear spinor ﬁeld theory. According to a survey by J. Wess, Heisen-
berg conveyed to R. Peierls his idea that noncommutating space coordinates could resolve the
problem of inﬁnite self-energies. Apparently, Peierls also described it to Pauli, who pursued
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further this idea by explaining it to Oppenheimer, who told it to Snyder, the latter writ-
ing the ﬁrst paper on the subject. Thus appeared an important precursor of what is today
known as noncommutative quantum ﬁeld theory (NC QFT), in the form of the 1947 paper by
H. S. Snyder, ”Quantized space-time” [3] (followed after a few months by a paper with the
same subject by C. N. Yang [4]), where it was ﬁrst suggested that the coordinates xµ may be
noncommuting operators; the six commutators are of the form
[xµ, xν ] = (ia2/)Lµν ,
where a is a basic unit of length and Lµν are the generators of the Lorentz group; throughout,
Lorentz covariance is maintained, however, translational invariance is violated (the purpose of
the work of C. N. Yang [4] was to restore translational invariance). Then as now, noncommut-
ing coordinates were used to describe space-time in the hope of improving the renormalizability
of QFT and of coming to terms with the nonlocality of physics at the Planck scale.
The ideas of noncommutative geometry were revived in the 1980’s by the mathematicians
Connes, Drinfel’d and Woronowicz, who generalized the notion of a diﬀerential structure to
the noncommutative setting [5], i.e. to arbitrary C∗-algebras, and also to quantum groups
and matrix pseudo-groups. Along with the deﬁnition of a generalized integration [6], this
led to an operator algebraic description of (noncommutative) space-times (based entirely on
algebras of ”functions”) and it enabled one to deﬁne Yang-Mills gauge theories on a large
class of noncommutative spaces. A concrete example of physics in noncommutative space-
time is Yang-Mills theory on a noncommutative torus [6]. For quite some time, the physical
applications were based on geometric interpretations of the Standard Model and its various
ﬁelds and coupling constants (the so-called Connes-Lott model) [7].
More concrete motivation for space-time noncommutativity came from the works of Doplicher,
Fredenhagen and Roberts, who showed [8] that combining Heisenberg’s uncertainty principle
with Einstein’s theory of classical gravity leads to the conclusion that ordinary space-time
loses any operational meaning at short distances: Measuring a space-time coordinate with
great accuracy  causes an uncertainty in momentum of the order 1 . Neglecting rest masses,
an energy of the order 1 is transmitted to the system and concentrated at some time in the
localization region. The associated energy-momentum tensor Tµν generates a gravitational
ﬁeld which, in principle, should be determined by solving Einstein’s equations for the metric
gµν ,
Rµν − 12 R gµν = 8πTµν .
The smaller the uncertainties ∆xµ in the measurement of coordinates, the stronger will be
the gravitational ﬁeld generated by the measurement. When this ﬁeld becomes so strong as
to prevent light or other signals from leaving the region in question, an operational meaning
can no longer be attached to the localization. Exploring the limitations of localization mea-
surements which are due to the possible black hole creation by concentration of energy, one
arrives at uncertainty relations among space-time coordinates which can be traced back to the
commutation relations
[xµ, xν ] = iQµν ,
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where Qµν are the components of a tensor, which commute among themselves and with each
xµ (preserving Lorentz invariance).
Since noncommutativity of space-time appears naturally when gravitational eﬀects come into
play, it is expectable to obtain it as well from string theory, at present the best candidate for
a quantum theory of gravity. Indeed, as anticipated in [9] and shown by Seiberg and Witten
[10], if open strings have allowed endpoints on D-branes in a constant B-ﬁeld background,
then the endpoints live on a noncommutative space determined by the commutation relations
[xˆµ, xˆν ] = i θµν , (1)
where the θµν is an antisymmetric constant matrix. Thus NC QFT appears as a low-energy
limit of open string theory with constant antisymmetric background ﬁeld.
After the seminal work of Seiberg and Witten [10], which legitimated the noncommutative
space-time approach from the string theory point of view, a huge amount of work has been
done to study the properties of quantum ﬁeld and gauge theories deﬁned on NC space-time
(for reviews, see [11, 12]). This thesis and the works herein are part of this endeavour.
Two features of NC QFT render this study highly nontrivial: the nonlocality and the violation
of Lorentz invariance. Thus NC QFT is not subject to two of the essential postulates of usual
QFT, therefore novel physics is expectable.
Nonlocality
Since the coordinates no longer commute, they cannot be simultaneously diagonalized and the
underlying space disappears, i.e. the space-time manifold gets replaced by a Hilbert space of
states. Because of the induced space-time uncertainty relation,
∆xi ∆xj ≥ 12 |θij | , (2)
a space-time point is replaced by a Planck cell of dimension given by the Planck area. In this
way one may think of ordinary space-time coordinates xi as macroscopic order parameters
obtained by coarse-graining over scales smaller than the fundamental length l ∼ √θ.
Nonlocality brings with it deep conceptual and practical issues which have not been well
understood, and one might want to understand them in the simplest examples ﬁrst, before
proceeding to a more realistic theory of quantum gravity.
Violation of Lorentz invariance
The issue of Lorentz invariance violation has been a standing challenge until recently. From (1)
it is immediately obvious that, due to the fact that θµν is not a tensor, the NC space-time is not
Lorentz-invariant, but it has a lower external symmetry, as we shall explain in Chapter 1. This
lower symmetry is Abelian in the 4-dimensional space-time, consequently the classiﬁcation of
particles according to their mass and spin losses its meaning. However, most of the studies
of NC QFT have been done using the same classiﬁcation as in usual QFT, arguing that the
free noncommutative and commutative theories are identical, so the Hilbert spaces of states
would be identical in the two cases. Moreover, noncommutative eﬀects being small, they can
be treated as a perturbation in the NC parameter. However, if such an argument can be used
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in perturbative calculations with fairly trustable results, in the axiomatic approach, which is
based exclusively on postulates (of which one is the Poincare´ invariance, in the commutative
case), the results are extremely sensitive to the space-time symmetry used.
Many achievements have been reported so far, many naive expectations have been proven false
and many interesting peculiarities have been uncovered, pushing forward during the years our
understanding of what physics may be at energies at which our usual concept of space-time
breaks down.
The six original publications presented in this thesis are dedicated to the study of diverse
aspects of quantum ﬁeld theory deﬁned on the NC space-time with commutation relation (1).
They form the core part of the work of the author of the thesis in this ﬁeld during the last
four years. The introductory part of the thesis is intended as an overview of essential results
obtained in noncommutative quantum ﬁeld and gauge theories, at the same time placing the
included original papers in their proper context. The introductory part is organized as follows:
in Chapter 1 the noncommutative space-time, the basic technicalities used for the study of
ﬁeld theory on such a space and its symmetries are presented. In Chapter 2 noncommutative
quantum ﬁeld theory is deﬁned and fundamental issues with their peculiarities are discussed
in the framework of Lagrangean approach. Chapter 3 is dedicated to noncommutative gauge
theories, starting from group theoretical aspects and ending with the presentation of two
noncommutative versions of the Standard Model. In Chapter 4 phenomenological aspects
are presented, with a special regard to the bounds on the noncommutativity parameter. In
Chapter 5 most of the results obtained in the attempted axiomatic approach to quantum ﬁeld
theory on noncommutative space-time are collected. Chapter 6 is dedicated to conclusions.
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Chapter 1
Noncommutative Space-Time
1.1 Weyl-Moyal correspondence
Many of the general ideas behind noncommutative geometry are inspired in a large part by
the foundations of quantum mechanics. Within the framework of canonical quantization,
Weyl introduced an elegant prescription for associating a quantum operator to a classical
function of the phase space variables [13]. This technique provides a systematic way to describe
noncommutative spaces in general and to study ﬁeld theories deﬁned thereon. In this section
we shall introduce this formalism which will play a central role in most of our subsequent
analysis. We will focus entirely on the commutators
[xˆµ, xˆν ] = i θµν , (1.1)
with real constant antisymmetric θµν .
1.1.1 Weyl operators
Let us consider the commutative algebra of (possibly complex-valued) functions on the D
dimensional Euclidean space RD, with the product deﬁned by the usual pointwise multipli-
cation of functions. We shall assume that all ﬁelds deﬁned on RD live in an appropriate
Schwartz space of functions of suﬃciently rapid decrease at inﬁnity, i.e. those functions whose
derivatives to arbitrary order vanish at inﬁnity in both position and momentum space.
The Schwartz condition also implies that any function f(x) may be described by its Fourier
transform
f˜(k) =
∫
dDx e−ikµx
µ
f(x) , (1.2)
with f˜(−k) = f˜(k)∗ whenever f(x) is real-valued. We deﬁne a noncommutative space by
replacing the local coordinates xµ of RD by Hermitian operators xˆµ obeying the commutation
relations (1.1). The xˆµ then generate a noncommutative algebra of operators. Weyl quan-
tization provides a one-to-one correspondence between the algebra of ﬁelds on RD and this
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ring of operators. Given the function f(x) and its corresponding Fourier coeﬃcients (1.2), we
introduce its Weyl operator by
Wˆ[f ] =
∫
dDk
(2π)D
f˜(k) e ikµxˆ
µ
, (1.3)
where the symmetric Weyl operator ordering prescription was chosen. For example, Wˆ[ e ikµxµ ] =
e ikµxˆ
µ
. The Weyl operator Wˆ[f ] is Hermitian if f(x) is real-valued. f(x) is called the Weyl
symbol of the operator Wˆ[f ].
We can write (1.3) in terms of an explicit map ∆ˆ(x) between operators and ﬁelds by using
(1.2) to get
Wˆ[f ] =
∫
dDx f(x) ∆ˆ(x) , (1.4)
where
∆ˆ(x) =
∫
dDk
(2π)D
e ikµxˆ
µ
e−ikµx
µ
. (1.5)
The operator (1.5) is Hermitian, ∆ˆ(x)† = ∆ˆ(x), and it describes a mixed basis for operators
and ﬁelds on space-time. In this way we may interpret the ﬁeld f(x) as the coordinate space
representation of the Weyl operator Wˆ[f ]. Note that in the commutative case, θµν = 0, the
map (1.5) reduces trivially to a delta-function δD(xˆ−x) and Wˆ[f ]|θ=0 = f(xˆ). But generally,
by the Baker-Campbell-Hausdorﬀ formula, for θµν = 0 it is a highly non-trivial ﬁeld operator.
We may introduce ”derivatives” of operators through an anti-Hermitian linear derivation ∂ˆi
which is deﬁned by the commutation relations[
∂ˆµ , xˆ
ν
]
= δνµ ,
[
∂ˆµ , ∂ˆν
]
= 0 . (1.6)
Then it is straightforward to show that[
∂ˆµ , ∆ˆ(x)
]
= −∂µ ∆ˆ(x) , (1.7)
which upon integration by parts in (1.4) leads to
[
∂ˆµ , Wˆ[f ]
]
=
∫
dDx ∂µf(x) ∆ˆ(x) = Wˆ[∂µf ] . (1.8)
From (1.7) it also follows that translation generators can be represented by unitary operators
e v
µ∂ˆµ , v ∈ RD, with
e v
µ∂ˆµ ∆ˆ(x) e−v
µ∂ˆµ = ∆ˆ(x + v) . (1.9)
The property (1.9) implies that any cyclic trace Tr deﬁned on the algebra of Weyl operators
has the feature that Tr ∆ˆ(x) is independent of x ∈ RD. From (1.4) it follows that the trace
Tr is uniquely given by an integration over space-time,
Tr Wˆ[f ] =
∫
dDx f(x) , (1.10)
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where we have chosen the normalization Tr ∆ˆ(x) = 1. In this sense, the operator trace Tr is
equivalent to the integration over the noncommuting coordinates xˆµ.
The products of operators ∆ˆ(x) at distinct points may be computed as follows. Using the
Baker-Campbell-Hausdorﬀ formula,
e ikµxˆ
µ
e ik
′
ν xˆ
ν
= e−
i
2
θµνkµk′ν e i(k+k
′)µxˆµ , (1.11)
along with (1.4), one may easily derive
∆ˆ(x) ∆ˆ(y) =
∫
dDk
(2π)D
dDk′
(2π)D
e i(k+k
′)µxˆµ e−
i
2
θµνkµk′ν e−ikµx
µ−ik′µyµ
=
∫
dDk
(2π)D
dDk′
(2π)D
∫
dDz e i(k+k
′)µzµ ∆ˆ(z) e−
i
2
θµνkµk′ν e−ikµx
µ−ik′µyµ . (1.12)
If θ is an invertible matrix (this necessarily requires that the space-time dimension D be even),
then one may explicitly carry out the Gaussian integrations over the momenta k and k′ in
(1.12) to get
∆ˆ(x) ∆ˆ(y) =
1
πD|det θ|
∫
dDz ∆ˆ(z) e−2i(θ
−1)µν(x−z)µ(y−z)ν . (1.13)
In particular, using the trace normalization and the antisymmetry of θ−1, from (1.13) it follows
that the operators ∆ˆ(x) for x ∈ RD form an orthonormal set,
Tr
(
∆ˆ(x) ∆ˆ(y)
)
= δD(x− y) . (1.14)
This, along with (1.4), implies that the transformation f(x)
∆ˆ(x)−→ Wˆ[f ] is invertible with inverse
given by
f(x) = Tr
(
Wˆ[f ] ∆ˆ(x)
)
. (1.15)
The function f(x) obtained in this way from a quantum operator is usually called a Wigner
distribution function [14]. Therefore, the map ∆ˆ(x) provides a one-to-one correspondence
between Wigner ﬁelds and Weyl operators.
1.1.2 The -product
Let us now consider the product of two Weyl operators Wˆ[f ] and Wˆ[g] corresponding to
functions f(x) and g(x). Using (1.2), (1.3) and (1.12) we deduce that
Wˆ[f ] Wˆ[g] = Wˆ[f  g] , (1.16)
where we have introduced the Moyal -product [15]
(f  g)(x) =
∫∫
dDk
(2π)D
dDk′
(2π)D
f˜(k) g˜(k′ − k) e− i2 θµνkµk′ν e ik′µxµ
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= f(x) exp
(
i
2
←−
∂µ θ
µν −→∂ν
)
g(x)
= f(x) g(x)
+
∞∑
n=1
(
i
2
)n 1
n!
θµ1ν1 · · · θµnνn ∂µ1 · · · ∂µnf(x) ∂ν1 · · · ∂νng(x) . (1.17)
The -product (1.17) is associative but noncommutative, and is deﬁned for constant, possibly
degenerate θ. For θ = 0 it reduces to the ordinary product of functions. It is a particular
example of a -product, deﬁned in deformation quantization [16].
The Moyal bracket is the -commutator of two functions,
[f(x), g(x)] = f(x)  g(x)− g(x)  f(x) . (1.18)
The commutator of coordinate operators (1.1), in terms of the Moyal bracket, becomes:
[xµ, xν ] = iθµν . (1.19)
A useful extension of the formula (1.17) is
f1(x1)  · · ·  fn(xn) =
∏
a<b
exp
(
i
2
θµν
∂
∂xµa
∂
∂xνb
)
f1(x1) · · · fn(xn) . (1.20)
Therefore, the space-time noncommutativity may be encoded through ordinary products in
the noncommutative C∗-algebra of Weyl operators, or equivalently through the deformation of
the product of the commutative C∗-algebra of functions on space-time to the noncommutative
-product. Note that by cyclicity of the operator trace, the integral
Tr
(
Wˆ[f1] · · · Wˆ[fn]
)
=
∫
dDx f1(x)  · · ·  fn(x) (1.21)
is invariant under cyclic (but not arbitrary) permutations of the functions fa. In addition,∫
dDx f(x)  g(x) =
∫
dDx f(x) g(x) , (1.22)
which follows for Schwartz functions upon integrating by parts over RD.
The above quantization method can be generalized to more complicated situations whereby
the commutators [xˆi, xˆj ] are not simply c-numbers [17]. The generic situation is when both the
coordinate and conjugate momentum spaces are noncommutative in a correlated way. Then
the commutators [xˆi, xˆj ], [xˆi, pˆj ] and [pˆi, pˆj ] are functions of xˆi and pˆi, rather than just of xˆi,
and thereby deﬁne an algebra of pseudo-diﬀerential operators on the noncommutative space.
Such a situation arises in string theory when quantizing open strings in the presence of a
non-constant B-ﬁeld [18]. Throughout this thesis we shall not deal with these generalizations,
but only with the simplest deformation described above which utilizes a noncommutative
coordinate space and an independent, commutative momentum space.
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1.2 Symmetries of the NC space-time
The condition that θµν be an antisymmetric constant matrix spoils the Lorentz invariance of
the space-time (for a dimension of the space-time D > 2), while preserving the translational
invariance.
In general, on a space-time of even dimension D, with commutation relation [xµ, xν ] =
iθµν , µ, ν = 0, 1, ..., D − 1, for any D × D antisymmetric matrix θµν there exists a frame in
which it takes the form:
θµν =
⎛
⎜⎜⎜⎜⎜⎝
0 λ1 0 · · · 0
−λ1 0 0 · · · 0
0 0 · · · 0 0
0 0 · · · 0 λD
2
0 0 · · · −λD
2
0
⎞
⎟⎟⎟⎟⎟⎠ . (1.23)
From (1.23) it is easy to see that, for the generic case with distinct, nonzero values of λi,
the largest subgroup of the Lorentz group which preserves the commutation relation (1.1) is
SO(1, 1)×
(D−2)/2∏
l=1
SO(l)(2). In the case of the 4-dimensional space-time which will be mostly
used in this paper, this symmetry is hence SO(1, 1)× SO(2) [19, 20]. Throughout the thesis,
we shall refer to the 4-dimensional space-time, unless otherwise indicated.
However, a serious problem arises from the fact that the representation content of the SO(1, 1)×
SO(2) subgroup is very diﬀerent from the representation content of the Lorentz group: both
SO(1, 1) and SO(2) being Abelian groups, they have only one-dimensional unitary irreducible
representations and thus no spinor, vector etc. representations.
In eﬀect, a Lorentz-invariant interpretation of the NC space-time exists, as shown in paper
VI [21], in the sense that the commutation relation (1.1) appears as the consequence of
the noncommutativity of the coproduct (called noncocommutativity) of the twist-deformed
(Hopf) Poincare´ algebra when acting on the -products of the space-time coordinates xµ  xν .
As a consequence, the QFT constructed with -product on such a NC space-time, though
it explicitly violates the Lorentz invariance, possesses the symmetry under the proper twist-
Poincare´ algebra. We call this interpretation a Lorentz-invariant one for the reason that the
representation content of the twisted-Poincare´ algebra is identical with the one of the usual
Poincare´ algebra.
In the following we shall present brieﬂy in concrete terms the idea of paper VI [21] and argue
for its importance in giving legitimacy to all previous calculation performed in perturbative
approach in general.
The deformation of the universal enveloping algebra of the Poincare´ algebra, U(P), by an
Abelian twist F ∈ U(P)⊗U(P) [22, 23] (for details, see [24, 25]) constructed with the gener-
ators of the subalgebra of translations:
F = exp( i
2
θµνPµ ⊗ Pν) , (1.24)
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leaves the commutation relation of the generators unchanged:
[Pµ, Pν ] = 0 ,
[Mµν ,Mαβ] = −i(ηµαMνβ − ηµβMνα − ηναMµβ + ηνβMµα) ,
[Mµν , Pα] = −i(ηµαPν − ηναPµ) , (1.25)
but deforms the action of the generators in the tensor product of representations of U(P), i.e.
deforms the coproduct
∆ : U(P)→ U(P)⊗ U(P) . (1.26)
In the standard case
∆0(Y ) = Y ⊗ 1 + 1⊗ Y (1.27)
for all generators Y ∈ P. The twist element F changes the coproduct of U(P) [22]
∆0(Y ) → ∆t(Y ) = F∆0(Y )F−1 . (1.28)
Concretely, the coproduct of the generators of translations is not deformed (because Pα’s
commute among themselves), while the coproduct of the Lorentz algebra generators is changed
so that it explicitly reads (see also [26]):
∆t(Mµν) = e
i
2
θαβPα⊗Pβ∆0(Mµν) e−
i
2
θαβPα⊗Pβ
= Mµν ⊗ 1 + 1⊗Mµν − 12θ
αβ [(ηαµPν − ηανPµ)⊗ Pβ
+ Pα ⊗ (ηβµPν − ηβνPµ)] . (1.29)
The twist-deformation of U(P) has implications also on the multiplication in the algebra A of
the representation [24, 27]. Consider the commutative algebra A of functions, f(x), g(x),...,
depending on coordinates xµ, µ = 0, 1, 2, 3, in the Minkowski space, with the representation
of U(P) generated by the standard representation of the Poincare´ algebra:
Pµf(x) = i∂µf(x) , Mµνf(x) = i(xµ∂ν − xν∂µ)f(x) , (1.30)
acting on coordinates as follows:
Pµxρ = iηµρ , Mµνxρ = i(xµηνρ − xνηµρ) . (1.31)
When twisting U(P), one has to redeﬁne the (previously commutative) multiplication, while
retaining the action of the generators of the Poincare´ algebra on the coordinates as in (1.31):
mt(f(x)⊗ g(x)) =: f(x)  g(x) = m ◦ [e− i2 θαβPα⊗Pβ (f(x)⊗ g(x))]
= m ◦ [e i2 θαβ∂α⊗∂β (f(x)⊗ g(x))] . (1.32)
The similarity of (1.32) with the -product (1.17) deﬁned in the previous subsection is obvious.
Also, the computation of the commutator of coordinates on the basis of (1.32) will lead to the
familiar form:
[xµ, xν ] =
i
2
θαβ(ηαµηβν − ηανηβµ) = iθµν ,
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which is indeed the Moyal bracket (1.18).
Comparing (1.17) and (1.32), it is obvious that building up the noncommutative quantum ﬁeld
theory through Weyl-Moyal correspondence is equivalent to the procedure of redeﬁning the
multiplication of functions, so that it is consistent with the twisted coproduct of the Poincare´
generators. The QFT so obtained is invariant under the twisted Poincare´ algebra. The beneﬁt
of reconsidering NC QFT in the latter approach is that it makes transparent the invariance
under the twist-deformed Poincare´ algebra, while the ﬁrst approach highlights the violation
of the Lorentz group.
It is essential to remark that, due to the fact that the algebra itself of Poincare´ generators is
not deformed, the Casimir operators of the Poincare´ group play the same role for the twisted
Poincare´ algebra, therefore the classiﬁcation of particles with respect to masses and spins
remains the same. This feature justiﬁes the results obtained in the perturbative approach to
NC QFT, in which the usual representations for particles have been used, and pushes forward
the axiomatic approach, which had reached a dead-end before this twisted symmetry was
uncovered.
In this way, one has practically introduced a new concept of relativistic invariance: if in
the commutative case, relativistic invariance means symmetry of a theory under Poincare´
transformations, in the noncommutative case relativistic invariance means symmetry under
twisted-Poincare´ transformations. This concept has been introduced in [28] and used in the
treatment of a speciﬁc theorem, namely the Haag’s theorem within NC QFT.
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Chapter 2
Noncommutative Quantum Field
Theory
To transform an ordinary scalar ﬁeld theory into a noncommutative one, we may use the
Weyl-Moyal correspondence of the previous section. Written in terms of the Hermitian Weyl
operator Wˆ[φ] corresponding to a real scalar ﬁeld φ(x), the action of, e.g., the NC φ4 theory
is
S = Tr
(
1
2
[
∂ˆµ , Wˆ[φ]
]2
+
m2
2
Wˆ[φ]2 + λ
4!
Wˆ[φ]4
)
, (2.1)
and the path integral measure1 is taken to be the ordinary Feynman measure for the ﬁeld
φ(x) (this choice is motivated by the string theory applications). We may rewrite this action
in the coordinate space by using the map (1.4) and the property (1.21) to get
S =
∫
dDx
[
1
2
(
∂µφ(x)
)(
∂µφ(x)
)
+
m2
2
φ2(x) +
λ
4!
φ(x)  φ(x)  φ(x)  φ(x)
]
. (2.2)
Thus a noncommutative quantum ﬁeld theory is obtained from its commutative counterpart,
in terms of Weyl symbols, by replacing the usual multiplication of ﬁeld operators in the action
by the -product. We have also used the property (1.22) (removed the -product in integrals
of quadratic terms over the whole space) which implies that noncommutative ﬁeld theory and
ordinary ﬁeld theory are identical at the level of free ﬁelds2. In particular, the bare propagators
are unchanged in the noncommutative case. The changes come in the interaction terms, which
in the present case can be written as
Tr
(
Wˆ[φ]4
)
=
4∏
a=1
(∫
dDka
(2π)D
φ˜(ka)
)
(2π)D δD
(
4∑
a=1
ka
)
V (k1, k2, k3, k4) , (2.3)
1For the concept of path integrals in NC spaces and their measures, see e.g. [29].
2This is however true only when the integration is taken over the whole space, while in the case of systems
with nontrivial topology, like the Aharonov-Bohm eﬀect or the Casimir eﬀect this is not the case and even the
free ﬁeld feels the noncommutativity [30, 31].
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where the interaction vertex in momentum space is
V (k1, k2, k3, k4) =
∏
a<b
e−
i
2
ka∧kb (2.4)
and we have introduced the antisymmetric bilinear form
ka × kb = kai θij kbj = −kb × ka (2.5)
corresponding to the matrix θ.
From (2.4) we see that the interaction vertex in noncommutative ﬁeld theory contains a
momentum dependent phase factor, and the interaction is therefore nonlocal. When θ = 0,
we recover the standard φ4 ﬁeld theory in D dimensions. Naively, we would expect that this
nonlocality becomes negligible for energies much smaller than the noncommutativity scale 1√
θ
.
However, as we shall see in this chapter, this is not true at the quantum level.
2.1 Ultraviolet divergencies and topology of space-time
As already mentioned in the Introduction, historically the reason for introducing noncommu-
tative space-time coordinates was the hope of removing UV divergences [3]. The idea was
that the nonlocality of the NC space-time is of the order of the fundamental scale l ∼ √θ.
This would be equivalent to using an ultraviolet cutoﬀ Λ on momentum space integrations to
compute Feynman diagrams, which implicitly leads to a fundamental length scale Λ−1 below
which all phenomena are ignored; consequently, the ultraviolet divergencies would be removed.
The idea was revived in [32, 33] and it was shown that in general ultraviolet divergencies
persist. The thorough analysis in [33] showed however that, unlike the commutative case,
the topological properties of the space-time essentially inﬂuence the ultraviolet behaviour in
the noncommutative case. All the peculiarities found in [33] come only from the nonlocal
character of NC QFT, since the analysis is performed in a 1+1-dimensional space-time, where
usual Poincare´ invariance is preserved.
Indeed, although noncommutativity does not guarantee a priori the UV regularization, in
general, theories which have the same UV-behaviour on classical spaces may acquire essentially
diﬀerent properties after the quantization. The reason is that the quantization procedure is
highly sensitive to the topology of the manifold under consideration. Thus, while in the case
of classical space-time the theories on a sphere, cylinder or plane have UV-divergences, in the
case of noncommutative space-time the two-dimensional theories on the fuzzy sphere and on
the quantum cylinder do not have divergences at all. This can be traced to the compactness
properties of the space-time in question: in the case of a fuzzy sphere, the models contain a
ﬁnite number of modes and thus all the usual integrations are replaced by ﬁnite sums and,
consequently, no UV-divergences can appear [34, 35]; in the case of a cylinder, a priori one can
not claim whether the quantum ﬁeld theory is ﬁnite. However, the non-commutativity of the
space-time together with the compactness of the space (circle) lead to an intrinsic cut-oﬀ in
the energy modes. This guarantees the removal of UV-divergences in the two-dimensional case
15
[33]; on a noncommutative plane (whose commutative limit is noncompact in both directions)
with Heisenberg-like or even with deformed commutation relations, the noncommutativity of
the space-time does not lead to an UV-regular theory [32, 33] (on the quantum plane Eq(2),
with quantum-group-like commutation relations for the coordinates, the UV divergences are
even more severe [36]).
The concluding general picture is that the noncommutativity itself does not guarantee the
removal of UV-divergences; global topological restrictions are needed - namely, at most one
dimension (e.g. time) is allowed to be noncompact, in order to achieve the removal of UV-
divergences of a quantum ﬁeld theory formulated on a noncommutative space-time of arbitrary
dimensions. In [33] it was noticed for the ﬁrst time that the short-distance (UV) eﬀects are
related to long-distance (topological) features. In the next section another peculiar eﬀect of
the same sort will be presented.
2.1.1 UV/IR mixing
The mixing of UV and IR divergencies was one of the ﬁrst exotic eﬀects to be noticed in the
perturbative study of NC QFT [37]. The phenomenon is typical of string theory, but it is not
possible in local ﬁeld theory [11]. However, in NC QFT the phenomenon appears due to the
nonlocality.
To deﬁne the problem, we shall consider, along the lines of [37], the mass renormalization of
the φ4 theory in 4 dimensions. The Euclidean action is:
S =
∫
d4x
(
1
2
(∂µφ)(∂µφ) +
1
2
m2φ2 +
λ
4!
φ  φ  φ  φ
)
. (2.6)
Consider the 1-particle irreducible two point function, which at lowest order is simply the
inverse propagator
Γ(2)0 = p
2 + m2 . (2.7)
In the noncommutative theory, this receives corrections at one loop from the two diagrams of
Fig. 2.1, one planar and the other nonplanar.
p
k k
p
Figure 2.1: Planar and nonplanar one-loop corrections to Γ(2) in φ4 theory.
The two diagrams (which are identical in the θ = 0 theory up to a symmetry factor) give
Γ(2)1 planar =
λ
3(2π)4
∫
d4k
k2 + m2
,
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Γ(2)1 nonplanar =
λ
6(2π)4
∫
d4k
k2 + m2
eik×p . (2.8)
Standard computation using Schwinger parametrization gives:
Γ(2)1 planar =
λ
48π2
(Λ2 −m2ln( Λ
2
m2
) + O(1)) ,
Γ(2)1 nonplanar =
λ
96π2
(Λ2eff −m2ln(
Λ2eff
m2
) + O(1)) , (2.9)
where
Λ2eff =
1
1/Λ2 + p ◦ p and p ◦ q ≡ −pµθ
2
µνqν . (2.10)
The planar diagram is proportional to the one-loop mass correction of the commutative theory,
and is quadratically divergent at high energies, so it presents no novelty due to noncommuta-
tivity.
Note that in the limit Λ → ∞, the nonplanar one-loop graph in (2.9) remains ﬁnite, being
eﬀectively regularized by the noncommutativity of space time, i.e. Λ2eﬀ → 1p◦p for Λ → ∞.
However, the divergence is restored in either the commutative limit θ → 0 or the infrared limit
p → 0. In the zero momentum limit, p → 0, we have Λeﬀ  Λ, and we recover the standard
mass renormalization of φ4 theory in four dimensions,
m2ren = m
2 +
1
32
λΛ2
π2
− 1
32
λm2
π2
ln
Λ2
m2
+ O(g4) ,
which diverges as Λ→∞. On the other hand, in the ultraviolet limit Λ→∞, we have Λ2eﬀ 
1
p◦p , and the corrected propagator assumes a complicated form that cannot be attributed to
any (mass) renormalization. Notice, in particular, that the renormalized propagator contains
both a zero momentum pole and a logarithmic singularity ln p◦p, which is nonanalytic around
p = 0. From this analysis one concludes that the limit Λ→∞ and the low momentum limit
p → 0 do not commute, and noncommutative quantum ﬁeld theory exhibits an intriguing
mixing of the ultraviolet (Λ → ∞) and infrared (p → 0) regimes. The noncommutativity
leads to unfamiliar eﬀects of the ultraviolet modes on the infrared behaviour which have no
analogs in conventional quantum ﬁeld theory.
This behaviour is due to nonlocality and in [37] it was qualitatively explained on the basis of
space-time uncertainty relation and the usual Heisenberg uncertainty relation: if φ0(x) is a
free scalar ﬁeld which is nonzero over a region ∆, then (φ0  φ0)(x) is nonzero over a region
of size δ = max(∆, θ∆) (θ is a typical entry of the matrix θµν). δ is very big when ∆ is very
small. Thus, classically, pulses of size ∆ √θ spread to size δ = θ∆ 
√
θ upon interacting.
The extent of the spread is independent of the mass of the particle.
In the quantum theory, even very low energy processes receive contributions from high energy
virtual particles. In a nonplanar graph, a virtual particle of energy ω  1√
θ
(size 1ω 
√
θ)
will, upon interacting, spread to size ωθ, producing important eﬀects at energy 1θω . Therefore,
imposing a UV cutoﬀ Λ on ω eﬀectively imposes an IR cutoﬀ ΛIR = 1θΛ on IR singularities
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produced by the nonplanar graph. Notice that the IR eﬀects produced by high energies in
loops are independent of the mass of the particle.
UV/IR mixing was also studied in NC gauge theories. One would expect that a noncommuta-
tive gauge theory must be free of quadratic and linear poles at low noncommutative momenta
since the corresponding commutative non-Abelian gauge theory contains at most logarithmic
divergences. In [38] it was shown that this expectation does not hold, and both quadratic and
linear poles in p◦p appear in a generic gauge theory. In supersymmetric3 gauge theories, how-
ever, these poles cancel between the bosons and the fermions at the one loop level but even
these theories typically contain logarithmic divergences at small values of noncommutative
momenta.
Since it involves divergences, UV/IR mixing is a perturbative eﬀect. A nonperturbative ap-
proach would therefore be highly desirable, in order to establish to which extent this is just
an artifact of perturbation theory. We shall return to this issue in Chapter 5.
2.2 Unitarity
The perturbative unitarity of NCQFT was investigated in [41], with the result that at one-loop
level, NC QFT with space-space noncommutativity, i.e. θ0i = 0 is unitary, while in the case of
space-time noncommutativity, i.e. θ0i = 0, unitarity is violated. Here we shall brieﬂy present
the results [41].
For on-shell matrix elements unitarity implies that
−i(Mba −M∗ab) =
∑
n
MbnMna , (2.11)
where Mab is the transition matrix element between the states a and b. The sum over inter-
mediate states on the right-hand side includes phase space integrations for each particle in the
state n. Quantum ﬁeld theories actually satisfy more restrictive relations called generalized
unitarity relations or cutting rules. These state that the imaginary part of a Feynman dia-
gram can be obtained by the following procedure: First, ”cut” the diagram by drawing a line
through virtual lines such that the graph is severed in two. Next, wherever the cut intersects
a virtual line, place that virtual particle on-shell by replacing the propagator with a delta
function:
1
p2 −m2 + i → −2πi δ(p
2 −m2) . (2.12)
Summing over all cuts yields the imaginary part of the Feynman diagram. Cutting rules are
a generalization of (2.11) to Feynman diagrams. The unitarity of the S-matrix (2.11) follows
from the cutting rules.
For the φ3 theory,
S =
∫
d4x
(
1
2
(∂µφ)(∂µφ) +
1
2
m2φ2 +
1
3!
λφ  φ  φ
)
, (2.13)
3For the concept of supersymmetry, see [39] and [40].
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the cutting rule for the two-point function at lowest order is given in Fig. 2.2.
2
2 Im
Figure 2.2: Generalized unitarity relation for φ3 two-point function.
The essential quantity in the analysis of the equality above (Fig. 2.2) is the inner product:
p ◦ p = −pµθµαθανpν . (2.14)
The inner product (2.14), in Minkowski space, can be negative deﬁnite only if θ0i = 0.
The analysis in [41] showed that the two sides of Fig. 2.2 coincide for p ◦ p > 0 and diﬀer for
p◦p < 0, in other words, for space-space noncommutativity, the unitarity condition is fulﬁlled,
while for space-time noncommutativity, perturbative unitarity is violated.
The explanation of the unitarity issue is found in string theory: noncommutative ﬁeld theories
with space-space noncommutativity (i.e. θ0i = 0) have an elegant embedding in string theory
[10, 42, 43]. They describe the low energy excitations of a D-brane in the presence of a
background magnetic ﬁeld. In this limit [10], the relevant description of the dynamics is
in terms of the noncommutative ﬁeld theory of the massless open strings (both the massive
open strings and the closed strings decouple). Therefore the consistent truncation of the full
unitary string theory to ﬁeld theory with space-space noncommutativity renders these NC
ﬁeld theories unitary.
On the other hand, noncommutativity of the time coordinate and the corresponding non-
locality in time results in theories where it is far from clear whether the usual framework of
quantum mechanics makes sense. θ0i = 0 is obtained by studying string theory in the presence
of a background electric ﬁeld [44, 45]. It is possible to ﬁnd a limit of string theory with nonva-
nishing θ0i in which the closed strings decouple. However, it is impossible to decouple massive
open string states and keep θ0i ﬁnite. Thus, there is no sense in which the NC ﬁeld theories
with θ0i = 0 give an approximate description of a limit of string theory. The lack of decoupling
of the massless open string modes from the massive ones gives a very strong indication that
the noncommutative ﬁeld theory truncation to the massless modes is not unitary4.
A further pursuit of the unitarity issue in [46] singles out a particular type of noncommuta-
tivity, the light-like noncommutativity, i.e. θ0i = −θ1i (p ◦ p = 0), in which case, in spite of
the noncommutative character of time, unitarity is however preserved. Such theories can be
obtained as low-energy limits of string theory with D-branes in a NS-NS background ﬁeld.
4Actually, since the massive open strings do not decouple, in the limit one obtains a NC open string theory
rather than a NC ﬁeld theory.
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Actually, the main conclusion of [46] is that, for general noncommutativity parameters, non-
commutative ﬁeld theories which are unitary can be obtained as decoupled ﬁeld theory limits of
string theory, while those that are not unitary cannot be obtained from string theory because
massive open strings do not decouple.
The question of the unitarity of theories with space-time noncommutativity (θ0i = 0) was still
not abandoned. After it was shown in [41] that such theories are not perturbatively unitary
when naive Feynman rules are used, but also that they cannot be obtained as low-energy limits
from the underlying string theory (see also [47] for a study of the violation of unitarity on
compact space-time), the subject was approached later again in [48], in the light of the Yang-
Feldman equation, thereby arriving at a manifestly Hermitian solution (hence a unitary theory
with θ0i = 0). The study was further pursued in [49], where the Wick contraction theorem
was adapted to the case when time does not commute with space, hence the time-ordering
procedure does not commute with the star multiplication. As a result, a noncommutative
extension of the time-ordered perturbation theory (TOPT) was formulated, which gives the
same results as the standard procedure (in terms of ordinary Feynman propagators, introduced
in [32]) for θ0i = 0, but diﬀers from it in the case when θ0i = 0. It is claimed, and checked in
the few lowest orders, that this formulation leads to theories which are perturbatively unitary
[49]. However, NC QED treated according to the TOPT prescription shows a ”surprising
result” [50] regarding the high-energy behaviour of the two-body cross-sections: it yields cross-
sections, calculated in the lowest order perturbation theory, exhibiting a growth linear in s. In
addition, the application of TOPT to NC QED leads to the violation of gauge invariance and
the Ward identities [52]. The subject deserves further investigation, however, the fact that
time-space NC quantum ﬁeld theories, in addition to the impossibility of their being obtained
from the string theory [10, 41], violate causality on both the macro- and microscopic levels
[19, 51] (see also paper IV [53]), as it will be shown below, gives reasons to expect that they
are intrinsically pathological.
2.3 Causality
As we could clearly see from the previous section, NC ﬁeld theories with θ0i = 0 cannot be
constructed straightforwardly from their commutative counterparts, by the simple insertion
of the -product, without encountering serious problems at the quantum level (violation of
unitarity).
An even more delicate issue is that of causality in theories with space-time noncommutativity.
One expects that the arbitrary nonlocality in time would make the evolution of ﬁelds at one
time depend on the value of ﬁelds at both past and future times, i.e. eﬀects will precede their
causes.
The macrocausality problem was thoroughly investigated in [51], in 2→ 2-particles scattering
processes. As expected, for the φ4 theory in 2+1 dimensions, with θ0i = 0 (θ12 = θ), it
was found that although there appears instantaneous propagation of signal at a distance, the
theory is still causal. Taking the two high-energy particles to move along the x axis, with
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spatial momentum Px, the scattered wave is found to be:
ψout(y) ≈ ψin(y)δ(y − 12θPx). (2.15)
In other words the outgoing scattered wave appears to originate from the displaced position
y = θPx/2.
An intuitive way to understand this eﬀect is to think of the incident particles as extended rods
oriented perpendicular to their momentum [10, 54]. The size of the rods is θP and the rule is
that they only interact if their ends touch (the propagation of signal is instantaneous at the
distance θP/2, but causality is not spoilt).
The case of NC φ4 theory with space-time noncommutativity was studied in 1+1 dimensions
and the outgoing wave function in 2→ 2 scattering, in CMS, was obtained in the form [51]:
Φout(x) ∼ g
[
F (x;−θ, λ, p0) + 4
√
λe−λ
x2
4 eip0x + F (x; θ, λ, p0)
]
+ (p0 → −p0), (2.16)
where
F (x; θ, λ, p0) ≡ 1√−4iθ e
− (x+8p0θ)2
64θ2λ e−i
(x− p0
2λ2θ
)2
16θ ei
p20
4λ2θ , (2.17)
λ−1/2 gives the widths of the incoming wavepacket and p0 is the energy of the particles. We
see that the wave-packet splits into three parts, one concentrated at x = 8p0θ, one at x = 0
and the other at x = −8p0θ. The width of the ﬁrst and third packet is given by 8λ1/2θ while
the one concentrated at x = 0 has width 2/λ1/2. Therefore, the packets are well separated for
p0  λ1/2  1/p0θ. The separation of the two displaced packets is proportional to p0 which
is the energy of the particles. The bigger the energy is, the bigger the separation.
The ﬁrst packet is an advanced wave. It appears at x = 0 at some time before the incoming
wave arrives at the origin. The phase responsible for the acausal behavior is e−4iθp2 . The
third packet is delayed. The opposite phase causes the delay.
This eﬀect has also an intuitive picture in the rod model. The incoming particles can be
pictured as rigid rods of length L = pθ, oriented along their momentum. Assume the rod
reﬂects when its leading end strikes the wall. In this case the center of mass of the rod will
appear to reﬂect before it reaches the wall. This behaviour, conﬂicting with the combined
constraints of causality and Lorentz invariance, is a violation of causality.
However, in the study of tree level scattering amplitudes of open strings on branes in the
presence of a background electric ﬁeld (space-time noncommutativity), it was shown [51] that
the stringy eﬀects conspire to cancel the acausal eﬀects which are present in ﬁeld theory with
space-time noncommutativity. However, as mentioned in the previous section, the ﬁeld theory
with space-time noncommutativity cannot be obtained as low-energy limit from the (causal)
string theory.
Once more, the NC QFT with θ0i = 0 is ruled out by the confrontation with the string theory.
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2.4 Spin-statistics and CPT theorems
Spin-statistics and CPT theorems are fundamental results in local quantum ﬁeld theory. Since
NC ﬁeld theory has a nonlocal character, the possibility of violation of these theorems exists
and the in-depth study of these issues is necessary. Such a study was attempted in the
Lagrangean approach in paper IV [53].
Spin-statistics theorem
Pauli’s exclusion principle or, in general, the spin-statistics theorem is responsible for the
stability of matter [55]. The theorem has been veriﬁed to high accuracy [56] and although
theories of violation of spin-statistics relation have been elaborated, no physical motivation
for such a violation has been found so far. However, if a violation could be predicted for
theories with NC space-time, the eﬀects of this violation might be important at the scale of
the Universe.
In NC context the very concept of spin has been a challenge for many years. Since it has been
recognized that NC ﬁeld theory is invariant (in 3+1 dimensions) under the SO(1, 1)× SO(2)
group [19], it was clear that a concept of spin cannot be accommodated in such a theory, due
to the fact that both SO(1, 1) and SO(2) groups are Abelian and have only one-dimensional
unitary irreducible representations. Recently, however, the realization of the fact that NC
ﬁeld theory has actually a twisted Poincare´ symmetry, as shown in paper VI [21], has settled
the problem and reinstated the concept of spin.
This latter work justiﬁes the results obtained for the spin-statistics theorem, in Lagrangean
formulation5 (a` la Pauli), in paper IV [53]. The conclusion, based on the study of the micro-
causality condition (in the form of vanishing equal-time commutators), as one of the require-
ments for the validity of the theorem, is that the spin-statistics relation holds in the case of
ﬁeld theories with space-space noncommutativity (θ0i = 0). For theories with space-time non-
commutativity (θ0i = 0), the microcausality condition does not hold, but this cannot justify a
claim of violation of spin-statistics relation, given the pathological character of such theories
[41, 51].
The most intriguing result was obtained for theories with light-like noncommutativity. Such
theories, which can be obtained as low-energy eﬀective limit from string theory and which
therefore proves to be unitary, violate the microcausality condition. However, a consistent
construction of a Lagrangean formalism with noncommutative time has not yet been elabo-
rated, therefore we may conclude that the analysis performed in paper IV [53] for θ0i = 0 is
not ﬁnal and the issue requires further investigation.
CPT theorem
The fundamental character of the CPT theorem has been emphasized many times in con-
nection with the Lorentz invariance [58, 59]6. Since in the noncommutative spaces Lorentz
invariance is violated, the question of CPT invariance is nontrivial.
5In the axiomatic formulation the issue has been approached in [57] (see also Chapter 5).
6CPT is fundamental because it is closely related to Lorentz covariance [59].
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The CPT invariance was ﬁrst proven in NC QED (i.e. NC U(1) theory with fermions), starting
from the individual discrete symmetries C, P and T [60]. It was shown that in the case of
space-space noncommutativity parity (P) is conserved, while charge conjugation (C) and time
reversal (T) are violated, such that the CPT symmetry of NC QED is preserved. For the
case of space-time noncommutativity, all three discrete symmetries C, P and T are violated,
but the combined CPT still holds. However, because the individual symmetries are broken,
the conclusion was that CPT is accidentally preserved, since at that moment no compelling
general argument was known why CPT symmetry should hold in NC QFT. For Yang-Mills
theories, the CPT invariance was shown in [61], using the Seiberg-Witten map.
The general proof of the CPT theorem in NC QFT within the Hamiltonian approach was
given in paper IV [53], without reference to any speciﬁc model or to the Seiberg-Witten
map. Concretely, it was shown that, if the individual ﬁelds transform under CPT in the same
manner as in the commutative case [62], then for any n-linear form of Hamiltonian density:
H(x) =
∑
i1...in
fi1...inφ
1
i1(x)  ...  φ
n
in(x) , (2.18)
the CPT theorem is valid, i.e.:
H♦int(x) = Hint(−x) , (2.19)
where H♦int(x) is the CPT-transformed Hamiltonian density.
This can be also seen from the fact that, when we expand the interaction Hamiltonian density
in powers of θ, the ﬁrst term is the local limit of the Hamiltonian expressed in terms of the
Weyl-Moyal product. It is a local but composite scalar density. The coeﬃcients of other
terms are local but composite tensor ﬁelds of even ranks obtained by diﬀerentiating the ﬁelds
involved in the ﬁrst term an even number of times. Therefore, they transform in the same way
as the ﬁrst term under CPT. From this point of view it is intuitively clear that the Hamiltonian
density expressed in terms of Weyl-Moyal products transforms in the same way as the local
one under CPT.
In [20] the statement was made that the CPT invariance obtained in paper IV [53] is actually
valid at classical level only. However, we can argue that the result is indeed general: by showing
that any n-linear term of the form (2.18) is CPT invariant, we have shown that the possible
counterterms of the same form are CPT invariant, therefore in any order of perturbation
theory the CPT invariance holds.
The CPT theorem was demonstrated in full generality in the axiomatic approach to NC QFT
in [57, 20]. We shall present this result as well in Chapter 5, which is dedicated to exact results
in NC QFT.
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Chapter 3
Noncommutative Gauge Theories
A crucial step in constructing a physical noncommutative model is to develop the concept of
gauge symmetry. Intuitively, because of the inherent nonlocality induced by the -product
(1.17), the notion of local symmetry in the noncommutative case should be handled with
special care. Therefore, before turning to more physical questions, one should develop the
noncommutative groups underlying the gauge theories, as well as their representations. In
general, as discussed in [63, 64, 65], it is not trivial to deﬁne the noncommutative version of
usual simple local groups.
One reason is the fact that the -product usually destroys the closure condition. As a con-
sequence, the only gauge groups which admit a minimal noncommutative extension are U(n)
groups (we denote the extension by U(n)). This is easily seen if we let g1 and g2 be two
traceless hermitian x-dependent n × n matrices (elements of the usual local su(n) algebra).
It is straightforward to show that g1  g2 − g2  g1 need not be traceless anymore. The non-
commutative extensions of the other groups cannot trivially obtained by the insertion of the
-product. However, the noncommutative SO and USp algebras have been constructed in a
more involved way [63, 65].
Another important reason for which the results concerning usual gauge groups cannot be
straightforwardly extended to NC gauge groups has to do with the representation content of
those groups that can be extended. This latter problem was noticed in [66] and bears the
name of charge quantization problem.
Charge quantization problem
This peculiarity was noticed in the U(1) theory with matter ﬁelds. It is well known that in the
commutative non-Abelian gauge theories the corresponding ”charge” is ﬁxed by specifying the
representation of the ﬁelds (like the SU(2) weak charges in the usual electroweak Standard
Model). The noncommutative U(1) theory, due to the eﬀects of the -product, in many
aspects behaves like a non-Abelian gauge theory whose group structure constants depend on
the momenta of the particles [32, 67, 68]. So, one may expect to see the charge quantization
emerging also in the NC QED.
The elements of U(1) are of the form (e)iα(x) = 1 + iα(x)− 12α(x)  α(x) + · · ·.
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The matter ﬁelds coupled to the noncommutative photon Aµ can be
• in the fundamental representation of U(1):
ψ → ψ′ = U  ψ ,
Dµψ = ∂µψ − iAµ  ψ . (3.1)
in which case they carry charge +1,
• in the anti-fundamental representation:
ψ → ψ′ = ψ  U−1 ,
Dµψ = ∂µψ + iψ  Aµ , (3.2)
in which case they carry charge -1,
• and in the adjoint representation:
χ → χ′ = U  χ  U−1 ,
Dµχ = ∂µχ + i[χ,Aµ] , (3.3)
when they carry charge 0 (and the corresponding dipole moment [67, 69, 70]).
The question which arises is how particles with other charges, for example quarks, with frac-
tional charges, can couple to the photon, if a consistent version of the NC QED is to be built.
It is straightforward to show that the simple extension
Dµψ
(n) = ∂µψ(n) − inAµ  ψ(n) , (3.4)
with
ψ(n) → ψ′(n) = Un  ψ(n) (3.5)
for the ﬁeld ψ with integer multiple n of a (conventional) unit charge fails to transform
covariantly [66].
The no-go theorem stated and proved in paper II [71] and presented brieﬂy below provides
a possible solution to this charge quantization problem, within the NC extension of the SM
elaborated in paper III [72].
3.1 Noncommutative gauge groups. A no-go theorem
To ﬁx the ideas, we shall ﬁrst deﬁne the pure U(n) Yang-Mills theory, by introducing the
U(n) group and the corresponding algebra. The u(n) algebra is generated by n×n hermitian
matrices whose elements (which are complex valued functions) are multiplied by the -product
(1.17) [73]. If we denote the usual n×n su(n) generators by T a, a = 1, 2, · · · , n2−1, normalized
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as Tr(T aT b) = 12δ
ab, by adding T 0 = 1√
2n
1n×n we can cover all n × n hermitian matrices.
Then any element of u(n) can be expanded as
f =
n2−1∑
A=0
fA(x)TA , (3.6)
and the u(n) Lie-algebra is deﬁned with the star-matrix bracket:
[f, g] = f  g − g  f , f, g ∈ u(n) . (3.7)
Evidently the above bracket closes in the u(n) algebra. For the case of n = 1, i.e. u(1), the
above bracket reduces to the Moyal bracket.
The U(n) gauge theory is described by the u(n)-valued gauge ﬁelds
Gµ =
n2−1∑
A=0
GAµ (x)T
A . (3.8)
One peculiar feature of the U(n) gauge theory is that, ﬁxing the number of gauge ﬁeld degrees
of freedom (which is n2), the dimension of the matrix representation is automatically ﬁxed,
i.e. the gauge ﬁelds must be in the n×n matrix form. This is a speciﬁc property dictated by
noncommutativity and in particular the fact that the algebra bracket (3.7) also involves the
-product. If one takes an irreducible m×m representation (m≥ n), the enveloping algebra
of u(n) for this representation closes in u(m) (and not in u(n)), otherwise the representation
is reducible. Thus an irreducible m×m representation is not forming a proper basis for
u(n) gauge ﬁelds. (Detailed explanations can be found in paper II [71].) The main physical
implication of this constraint is, at the same time, the ﬁrst statement of the no-go theorem:
the matter ﬁelds coupled to the U(n) gauge theory can only be in the fundamental, anti-
fundamental, adjoint or singlet representations.
Another peculiarity arises in the case of semi-simple noncommutative gauge groups. When
constructing direct products of simple U(n) factors, one has to bear in mind that, besides
the matrix multiplication, the simple noncommutative gauge groups involve also -product.
Consequently one cannot re-arrange the various groups elements and this leads to the fact
that matter ﬁelds cannot be at the same time in the fundamental representations of two U
factors. The maximal case is that a matter ﬁeld, Ψ, can be in the fundamental representation
of one group (e.g. U(n)) and anti-fundamental representation of another (e.g. U(m)),
Ψ→ Ψ′ = U  Ψ  V −1, U ∈ U(n), V ∈ U(m), (3.9)
i.e. a matter ﬁeld can be charged at most under two noncommutative gauge groups.
To summarize, the no-go theorem states that: 1) the local NC u(n) algebra only admits the
irreducible n×n matrix-representation. Hence the gauge ﬁelds are in n×n matrix form,
while the matter ﬁelds can only be in (anti)fundamental, adjoint or singlet representations; 2)
for any gauge group consisting of several simple-group factors, a matter ﬁeld can transform
nontrivially under at most two NC group factors. In other words, the matter ﬁelds cannot
carry more than two NC gauge group charges.
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3.2 Model building
3.2.1 Noncommutative Standard Model based on the no-go theorem
Just from the group-theoretical properties it is evident that a straightforward (based on the
Weyl-Moyal approach) noncommutative extension of the Standard Model gauge group poses
two essential problems:
• since one cannot construct noncommutative SU(n) gauge groups, the minimal extension
requires a formulation in terms of U(n) groups, which brings about inevitably extra
gauge bosons compared to the content of the usual Standard Model;
• the charge quantization problem restricts the allowed charges in the noncommutative
U(1) to 0,±1 [66], so that U(1) cannot be identiﬁed with the usual weak hypercharge
group because it does not account for the fractional electric charges of the quarks.
The task of overcoming these problems and building a NC version of the Standard Model was
undertaken in paper III [72]. It turned out that, by choosing the gauge group of noncommu-
tative Standard Model (NCSM) as GNCSM =U(3) × U(2) ×U(1), these two problems can
be handled by reducing appropriately the U(1) factors.
Without going into technical details, which are minutely described in paper III [72], we shall
emphasize the main features of this model. The essential step in overcoming the problems
stated above is the mechanism through which the extra gauge bosons are made massive,
leaving at low energies just the SM gauge group GSM . This was realized by the introduction
of the so-called Higgsac ﬁelds which transform under the trace-U(1) parts of GNCSM .
Once the symmetry reduction achieved, the implications on the matter content came as a very
rewarding surprise: the only possible electric charges are the known charges of the quarks and
leptons of the usual SM. This is indeed a novelty, because theoretically up to now there has
been no reason in SM why the electric charge should be quantized. Charge quantization
is a feature of simple groups and the commutative gauge group U(1), being Abelian, does
not have this property; therefore, according to the commutative theory, electric charge can
have, in principle, any value. However, it seems that Nature has made a more restrictive
choice and the only known charges are those of quarks and leptons (and their multiples). It
is therefore remarkable that, upon the Higgsac condensation, a linear combination of trace-
U(1)’s in GNCSM which remains massless is just the gauge boson of the weak hypercharge
group and thus the fractional charges of quarks appear naturally.
This feature is a direct consequence of the no-go theorem presented in the previous section. The
noncommutativity constrains strongly the matter content of the model: once a semi-simple
gauge group is chosen, the no-go theorem imposes that matter ﬁelds can transform under at
most two group factors, the only allowed representations being fundamental, antifundamental,
adjoint or singlet. Therefore, as shown in paper III [72] (section 4.2), the choice of the gauge
group GNCSM =U(3) × U(2) × U(1) ﬁxes the matter content to that of the usual Standard
Model; consequently the only possible charges, with the given matter content, are those of the
Standard Model.
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However, the Higgsac mechanism in paper III [72] had a serious ﬂaw: it was not a spontaneous,
but an explicit, symmetry reduction, because ﬁelds which transform under the trace-U(1)
part of U(n) do not have gauge-invariant Lagrangeans. This led, among other things, to
the violation of unitarity in the model [74]. Recently, we have developed further the Higgsac
mechanism, using half-inﬁnite Wilson lines [75]. In the following we shall shortly present this
mechanism.
Spontaneous reduction of NC U(n) gauge symmetry
Recall that commutative U(n) gauge symmetry is broken spontaneously down to the SU(n)
subgroup once a SU(n)-singlet and U(1)-charged scalar ﬁeld acquires non-zero vacuum ex-
pectation value. One of such allowed (in commutative case) representations is n-index totally
antisymmetric tensor representation
φ[i1i2...in](x) , (3.10)
out of which the scalar ﬁeld φ(x) can be constructed in the form
φ(x) =
1
n!
i1i2...inφ
[i1i2...in](x) . (3.11)
The ﬁeld φ(x) in (3.11) carries U(1) charge equal to n and is the representation of the Higssac
ﬁeld used in [72]. However, the noncommutative U(n)-transformations do not close when
acting on the Higgsac ﬁeld φ, and hence the ﬁeld φ is not a representation of the U(n) group.
Consequently, the symmetry breaking in [72] is not spontaneous, since it goes through a gauge
non-invariant mechanism. To restore the gauge invariance, instead of (3.11) we introduce the
following scalar ﬁeld:
Φ(x) =
1
n!
i1i2...inW
ii
j1
 W i2j2  ...  W
in
jn
 φ[j1j2...jn](x) , (3.12)
where
W = P exp
(
ig
∫ 1
0
dσ
dξµ
dσ
Aµ(x + ξ(σ))
)
(3.13)
= 1n×n
+
∞∑
n=1
(ig)n
n!
∫ 1
0
dσ1
∫ 1
σ1
dσ2...
∫ 1
σn−1
dσn
∂ξµ1
∂σ1
...
∂ξµn
∂σn
Aµ1(x+ ξ(σ1))  ...  Aµn(x+ ξ(σn))
is a half-inﬁnite Wilson line, with path ordering deﬁned with respect to -product. The contour
C is:
C = {ξµ(σ), 0 < σ < 1| ξµ(0) =∞, ξµ(1) = 0} ,
and φ[j1j2,...,jn](x) is an antisymmetric n-index object under U(n). The actual shape of the
Wilson line (3.13) is not important and thus it can be arbitrary. Within the physically
admissible gauge transformations (i.e. those for which u(x) → 1 when x → ∞) this Wilson
line transforms as an antifundamental object
W (x)→W (x)  u−1(x) . (3.14)
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Then the composite ﬁeld Φ in (3.12) is a gauge-invariant object [76, 77]. Using the Taylor
expansion (3.13) of the Wilson lines in (3.12),
Φ(x) = φ(x) + ...,
we see that the ﬁrst term in the expansion is just the ordinary Higgsac ﬁeld (3.10), while the
rest of the terms provide a gauge invariant completion.
In [75] it is shown that the Higssac mechanism indeed goes through with the (gauge-invariant)
tachyonic potential of the composite object Φ(x) and the trace-U(1) ﬁeld of NC U(n) gauge
theory picks up a mass leaving SU(n) unbroken. This is how the spontaneous symmetry
breaking U(n)→ SU(n) occurs. This can be straightforwardly generalized to the breaking
U(n)×U(m)→ SU(n) × SU(m). In this case one needs a composite Higgsac ﬁeld which
carries charge n coupled to trace-U(1) of U(n) and charge −m coupled to trace-U(1) of
U(m), i.e.,
Φ(x)U(n)×U(m) =
1
n!m!
i1i2...in
l1l2...lm
(
WU(n)
)i1
j1

(
WU(n)
)i2
j2
 ... 
(
WU(n)
)in
jn
φ(x)[j1j2...jn][k1k2...km] 
(
W−1U(m)
)k1
l1

(
W−1U(m)
)k2
l2
 ... 
(
W−1U(m)
)km
lm
(3.15)
Features of the model
Speciﬁc features of this NC version of the SM fall into two classes: those which arise from
the novel group-theoretical structure of the model, and in particular from the existence of two
more massive gauge bosons (corresponding to the U(1) factors of U(2) and U(3)) and those
which arise directly from the use of the -product and, at least at the classical level, vanish
explicitly in the limit θ → 0.
In the ﬁrst class of novel features are the NC corrections to the ρ-parameter, ρ = ( mZmW )
2 cos2 θ0W ,
arising from the mixing of the U(1) factors, which alters the mass of the Z-boson. By com-
paring this noncommutative correction with the usual (commutative) loop corrections, one
obtains a lower bound on the masses of the newly introduced massive gauge bosons:
mG0,W 0  25 mZ .
The main feature arising from the -product itself is the dipole moment proportional to θ (in
ﬁrst order), with which all particles are endowed. The strong astrophysical bounds on the
neutrino-photon interaction and especially on the neutrino dipole moment [78], translate into
a bound on the scale of noncommutativity. A crude estimation gives
ΛNC  103 GeV ,
which is of the same order as other bounds coming from precision tests like the Lamb shift
presented in paper I [79] and Lorentz violation [80].
The model, as presented in paper III [72], presents chiral anomalies, since it has been shown
that any noncommutative gauge theory which is not vector-like has nonvanishing chiral anom-
alies [81]. However, mixed anomalies, according to [82], do not exist. A solution to the problem
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of anomaly cancelation in the model constructed in paper III [72] has been put forward in
[75]. The proposal is to slightly change the representations in which the matter ﬁeld were
arranged in paper III [72] to the following multiplets:
L =
(
ν
e−
)
L
∼ (1, 2, 0); E = ecL ∼ (1, 1,−1);
Q =
(
u
d
)
L
∼ (3, 2, 0); U = ucL ∼ (3, 1,+1); D = dcL ∼ (3, 1, 0). (3.16)
With this matter content the hypercharge quantization goes along the same lines as described
in paper III [72]. To cancel the anomalies, one has to make the matter content vector-like
also in the U(1) and U(2) sectors (in the U(3) sector it is already vector-like) by adding
the following pair of U(2) multiplets:
L′ =
(
E+
N ′
)
L
∼ (1, 2,−1) and L′′ =
(
N ′′
E−
)
L
∼ (1, 2, 0). (3.17)
These states couple to the Higgsac ﬁelds and the relevant Yukawa interactions can be written
using Wilson lines:(
WU(2)  L
′  W−1U(1)
)T

(
WU(2)  L
′′)  ΦU(2)×U(1) + h.c. (3.18)
where ΦU(2)×U(1) is a U(2)× U(1) composite Higgsac ﬁeld analogous of (3.15):
ΦU(2)×U(1) = 
j1j2WU(1)  φ[i1i2] 
(
W−1U(2)
)i1
j1

(
W−1U(2)
)i2
j2
, (3.19)
and the proper contraction of gauge indices is understood. Upon the Higgsac symmetry
reduction this pair of leptons acquires a mass of the order of the vacuum expectation value of
the Higgsac ﬁeld, 〈ΦU(2)×U(1)〉.
The construction of [75], based on half-inﬁnite Wilson lines, by providing the gauge-invariant
completion of the Higgsac mechanism proposed earlier in paper III [72], has therefore a twofold
merit: it triggers a genuinely spontaneous reduction of the NC SM group and it provides masses
for the pair of leptons introduced for anomaly cancellation. Thus the low energy theory can
be fully reduced to the Standard Model with usual spectrum of ordinary quarks and leptons.
Moreover there is the hope that this may cast a new light on the issue of unitarity [74] and
renormalizability of this version of NC SM.
3.2.2 Noncommutative Standard Model based on Seiberg-Witten map
In [10] it was shown that the low-energy limit of the open string theory in a constant anti-
symmetric background ﬁeld is, depending on the regularization used, either a commutative
gauge ﬁeld theory (when using Pauli-Villars regularization) or a noncommutative gauge ﬁeld
theory (when using point-splitting regularization). The correspondence between these two
gauge theories is given by the so-called Seiberg-Witten map.
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Further, the concept was extended in [64, 83, 84] with the result that any commutative gauge
algebra can be extended to a noncommutative version by the use of a Seiberg-Witten type
of map. The idea is to formulate ﬁeld theories on noncommutative spaces as theories on
commutative spaces and to express the noncommutativity by an appropriate -product, in the
sense that ﬁelds that have the desired -product transformation properties can be constructed
in terms of ﬁelds with the transformation properties of a usual gauge theory. For the gauge
potential this amounts indeed to the analogue of the Seiberg-Witten map for arbitrary non-
Abelian gauge theories.
As we have discussed in the section dedicated to the no-go theorem, the -commutators of
generators of an arbitrary local Lie algebra (with the important exception of u(n) algebra), do
not close within the given Lie algebra. However, they close in the universal enveloping algebra
(generated by the completely symmetrized products of generators of the original algebra). In
this way, the group-theoretical problems pointed out in paper II [71] are circumvented and
NC su(n) algebras (among others) can be constructed.
Concretely, in the NC su(n) gauge theory with fermions, inﬁnitesimal gauge transformations
of the NC ﬁelds Aˆµ and Ψˆ are generated by the gauge parameter Λˆ, valued in the enveloping
algebra of su(n):
Aˆµ → Aˆµ + ∂µΛˆ + i[Λˆ, Aˆµ] ,
Ψˆ → Ψˆ + iΛˆ  Ψˆ . (3.20)
The Seiberg-Witten map assigns to commutative ﬁelds, Aµ and Ψ, the noncommutative ﬁelds:
Aξ → Aˆξ[A] = Aξ + δˆ[A, θ] ,
Ψ→ Ψˆ[Ψ, A] = Ψ + δˆ[Ψ, A, θ] , (3.21)
so that if the commutative ﬁeld conﬁgurations Aξ, Ψ and AΛξ , Ψ
Λ are related by the gauge
transformation generated by Λ, then Aˆξ[AΛ], Ψˆ[AΛ,ΨΛ] are related to Aˆ[A], Ψˆ[A,Ψ] by the
NC gauge transformation generated by Λˆ[A,Λ]:
Aˆξ[AΛ] = Aˆξ[A] + ∂ξΛˆ[A,Λ] + i[Λˆ[A,Λ], Aˆξ[A,Ψ]] ,
Ψˆ[AΛ,ΨΛ] = Ψˆ[A,Ψ] + iΛˆ[A,Λ]  Ψˆ[A,Ψ] . (3.22)
Thus, Seiberg-Witten map assigns to commutative gauge conﬁgurations the NC gauge equiva-
lent conﬁgurations linked by ﬁeld-dependent NC gauge transformation. The equations deﬁning
the Seiberg-Witten map can be solved perturbatively in θ. The lowest order solutions read:
Aˆξ[A] = Aξ +
1
4
θµν{Aν , ∂µAξ + Fµξ}+ . . . ,
Ψˆ[A,Ψ] = Ψ+ iθµνAν∂µΨ+
i
8
θµν [Aµ, Aν ]Ψ + . . . ,
Λˆ[A,Λ] = Λ +
1
4
θµν{Aν , ∂µΛ}+ . . . . (3.23)
The NC SM built in [85] is invariant under NC gauge algebra uNC(1)×suNC(2)×suNC(3). The
model is constructed from NC ﬁelds realized by Seiberg-Witten map as a tower of commutative
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ﬁelds, transforming under G = U(1)×SU(2)×SU(3). A new sort of uniﬁcation appears, since
all interactions have to be considered simultaneously in a master ﬁeld, due to the nonlinearity
of the Seiberg-Witten map. In zeroth order in θ the usual Standard Model is recovered and
the number of free coupling constants and ﬁelds is the same as in usual Standard Model.
New vertices appear, the most striking being those in which SU(3) gauge bosons couple to
the U(1)Y gauge bosons and to quarks. This type of uniﬁcation implies that parity is broken
in NC QCD. In the ﬁrst order in θ there are no couplings between the neutral particles (like
the Higgs) and the electromagnetic photon, nor self-interactions of the U(1)Y gauge boson.
However, one ﬁnds new vertices with ﬁve and six gauge bosons for the groups SU(3) and
SU(2). New eﬀects in the neutral and charged currents are expected, for instance neutral
decays of heavy particles (e.g. b and t quarks), which might reveal the noncommutative
nature of space-time.
In this model there are no additional U(1) gauge ﬁelds, so there is no need for the U(1) factor
reduction. It is argued also that, although U(1) manifests the charge quantization problem
[66], the θ-expanded approach based on the Seiberg-Witten map succeeds in evading this issue
as well [85]. However, this last point can be considered as a disadvantage: in the NC SM based
on the no-go theorem, the U(1) factor reduction ﬁxes the correct (hyper)charges for all SM
particles.
Another feature of the noncommutative gauge algebras constructed with the Seiberg-Witten
map is that they are not constrained only to the fundamental representation. This property
was also exploited for extending the GUT model based on SU(5) within the same type of
construction [61].
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Chapter 4
Phenomenological implications.
Bounds on θ
The fast development of the NC QFT has lead also to an extensive literature of phenomeno-
logical implications of the noncommutativity of space-time (see e.g. [86, 87] and references
therein). Usually noncommutative phenomenology involves calculating observables to the ﬁrst
order in θ, either in high-energy collider experiments or in low-energy precision experiments.
4.1 Hydrogen atom spectrum and the Lamb shift
The Lamb shift is one of the most precise QED measurements, consisting of the 2P1/2 → 2S1/2
transition in the hydrogen atom. This transition cannot be accounted for within relativistic
quantum mechanics (QM), being a loop eﬀect. Its explanation marked the birth of usual
QED.
In paper I [79] a NC version of QM was proposed, in order to study the spectrum of the
hydrogen atom. The Hamiltonian governing the dynamics of the system was taken to be
H =
pˆ · pˆ
2m
+ V (xˆ) , (4.1)
where the Coulomb potential in terms of the noncommutative coordinates xˆ is:
V (r) = − Ze
2
√
xˆ · xˆ , (4.2)
with pˆ and xˆ satisfying the commutation relations:
[xˆi, xˆj ] = iθij , [xˆi, pˆj ] = iδij , [pˆi, pˆj ] = 0 . (4.3)
Passing to the new system of coordinates
xi = xˆi +
1
2
θij pˆj , pi = pˆi , (4.4)
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which satisfy usual canonical commutation relation, the Coulomb potential takes the form
V (r) = −Ze
2
r
− Ze2
L · θ
4r3
+ O(θ2) , (4.5)
where θi = ijkθjk, L = r × p. The proposed Hamiltonian can be justiﬁed also from ﬁeld
theoretical considerations [88].
From the second term of (4.5) it appears that the θ-vector in a way mimics the spin and the
contribution to the potential is formally similar to the spin-orbit interaction. However since
this term is not Lorentz invariant and not even rotationally invariant, one expects the spectrum
to acquire corrections in a preferred direction. Indeed, using usual perturbation theory, in the
ﬁrst order in θ and ﬁrst order in perturbation, the energy level shift was obtained in paper I
[79]:
∆EH−atomNC = −
mec
2
4
(Zα)4
θ
λ2e
jz(1∓ 12l + 1)fn,l δll′δjzj′z (4.6)
for j = l ± 12 and fn,l = 1n3l(l+ 1
2
)(l+1)
, where me is the mass of the electron and λe is its
Compton wavelength.
As expected, the noncommutative corrections in ﬁrst order in θ depend on jz, due to the lack of
rotational invariance. The Lamb shift itself appears already in tree level, unlike the commuta-
tive case. The spectral line gets now split into two parts, 2P 1/21/2 → 2S1/2 and 2P
−1/2
1/2 → 2S1/2,
with the notation nljzj for the energy levels.
In paper I [79] the one-loop corrections were also computed:
∆E1LoopNC = −
1
2π
mec
2(Zα)2
[
5α
3
ln (θΛ2)
1
n2
− (Zα)
2
2
θ
λ2e
×γEα(3− 23)
jz(1∓ 12l+1)
n3l(l + 12)(l + 1)
]
, (4.7)
where Λ is a cutoﬀ. (Note that the θ → 0 limit in the ﬁrst term is not smooth when quantum
corrections are involved.)
However, for imposing a lower bound on the noncommutativity scale it is enough to compare
the NC corrections to the Lamb shift at tree level with the usual precision data, with the
result
ΛNC =
1√
θ
 10 TeV . (4.8)
This result is in disagreement with the work [89], in which it was claimed that there is no
NC correction whatsoever to the hydrogen atom spectrum. The basic assumptions of [89]
are that the nucleus (here the proton) has to be considered as a dynamical object and that
the noncommutativity parameters corresponding to particles of opposite charges are opposite
in sign. Formally indeed the photon-electron vertex function and the photon-positron vertex
functions contain opposite signs, but this is due to the fact that the electron and the positron
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are elementary and each other’s antiparticle and therefore they are in the fundamental and
antifundamental representations of U(1), respectively. However the interpretation of [89],
that the noncommutativity parameters themselves diﬀer according to the charge of particles
is not acceptable.
To particle-antiparticle systems such as positronium, the analysis of [89] is applicable, resulting
indeed in no corrections to the spectrum at the tree level, due to the noncommutativity of
space-time. However, for the hydrogen atom it is essential that the proton, due to the fact
that it has structure and is a composite particle, cannot be described by NC QED (applicable
to elementary particles). Therefore, the ”cancellation” of noncommutativity eﬀects is not
complete and hence the previous results on the form (4.5) for the potential with the correction
term, as well as on the lower bound on ΛNC remain indeed valid. Noting the conservative
bounds on ΛNC  1− 10 TeV obtained from other physical analysis [80, 90], and that ΛQCD,
or the inverse of the proton size, is of the order of 200 MeV , we notice that ΛQCDΛNC  1. In
other words the QCD eﬀects (here the internal structure of proton) become important much
before the noncommutative eﬀects. In short, proton in the noncommutative hydrogen atom
essentially behaves as a commutative particle.
In [91] a quantitative treatment of the problem was presented using a naive quark model (in
which one assumes that the quarks are free inside the proton). In this analysis, which takes
into account the spatial extension of the proton, the result of [89] was invalidated and the
previous bound of paper I [79] was reobtained.
4.2 Other bounds from precision experiments
Lorentz invariance violation
A bound on the noncommutativity parameter θ was found in [80] based on the clock-comparison
experiments, which monitor the diﬀerence between two atomic hyperﬁne or Zeeman transition
frequencies, searching for variations as the Earth rotates. The bound on θ is the same as the
one given by the Lamb shift:
1√
θ
>∼ 10 TeV .
A speculative bound some 20 orders of magnitude stronger than (4.8) has been claimed [92]
from an analysis of clock-comparison experiments. This analysis ﬁnds terms with anomalous
spin couplings and obtains a bound by supposing that, in an eventual formulation of noncom-
mutative quantum chromodynamics, such couplings would produce a coherent eﬀect involving
the nuclear force.
In [93] a two-loop contribution is derived to the eﬀective NCQED action of the form
Leff = 34mΛ
2
(
e2
16π2
)2
θµνψσµνψ , (4.9)
where Λ is an eﬀective cutoﬀ. The conclusion is that if Λ ∼ 1 TeV then experiments sensitive
to background magnetic ﬁelds could constrain θ < (1012−13GeV )−2. Such experiments may
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include the variation of spin precessions with time [94, 95]. Experiments typically look for
sidereal variations of electronic or nuclear spin, for example in Cs or Hg, the latter’s nuclear
spin giving a stronger constraint. If θ is constant in space over distances comparable to
those the Earth moves through on a timescale of months, then its direction behaves as a
background magnetic ﬁeld, possibly giving rise to eﬀective operators like θµνqσµνq which would
cause noticeable variations in the nuclear spin precession frequencies (observed on scales of
months). To the extent that such variations are of the order of microhertz or hundreds of
nanohertz [96, 97], bounds on the projection of −→θ on the axis of the Earth’s rotation such as
1/
√
θ ≥ 1014−1017 GeV are obtained [98]. Such bounds are on a weaker footing than the ones
from NCQED as the complete formulation of NCQCD has not been thoroughly developed [94].
In the context of experiments of Lorentz invariance violation it is appropriate to remind,
however, the twisted Poincare´ symmetry of NC QFT presented in paper VI [21]. This concept
is based on the theory of quantum groups, and although a huge amount of work has been
done in this ﬁeld of mathematical physics, this new symmetry is perhaps the ﬁrst realistic
application, and our experience in connecting such concepts with actual experiments is rather
poor. It is therefore of much interest to study whether experimentally one can diﬀerentiate
between Poincare´ symmetry and its twisted version. If such a diﬀerentiation is not possible,
then all the bounds coming from Lorentz invariance violation become immaterial.
CP violation and electric dipole moments
One of the main implications of the noncommutativity is, as we have seen also in the discussion
of the NC SM, the intrinsic CP violation and the electric dipole moment for all particles.
Since the SM predictions of the CP violating electric dipole moments (edm) are extremely
small, one might expect that new sources of CP violating physics from noncommutativity of
space-time might be observable. NC QFT provides in addition a simple explanation for this
type of CP violation: the directional sense of the edm d arises from the diﬀerent amounts of
noncommutivity in diﬀerent directions (i.e. di ∝ ijkθjk) and the size of the edm, classically
proportional to the spatial extent of a charge distribution, is likewise in NC QFT proportional
to
√
θ. The eﬀects of noncommutativity will be proportional to the typical momentum
involved, which for an electron edm observation is ∼ keV . A detailed analysis of the size
of the edm is done in [88]. The magnetic dipole moment, incidentally, receives a very small
and (to leading order in θ) spin-independent contribution from noncommutativity , which
makes it extremely diﬃcult to observe. A simple estimate of the expected electron electric
dipole moment [99] yields a fairly strong bound compared to the other bounds obtained:
1√
θ
 100 TeV .
In [91], as a by-product of the naive quark model considerations, one obtains the noncom-
mutativity correction to the electric dipole moment of neutron dNCn  −
∑
i |Qi|θ × Pqi with
|Pu| ∼ |Pd| ∼ ΛQCD ∼ 200 MeV and therefore in this model |dNCn | ∼ eΛQCDΛ2NC . Using the
experimental upper bound of |dn| < 0.63× 10−25 ecm [100], one obtains a lower bound of the
same order as the one in [99]
ΛNC  200 TeV.
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4.3 Bounds from high-energy experiments
High-energy experiments appear to provide no particular advantage over low-energy ones,
basically because the eﬀects scale with momentum like those from the usual fermion kinetic
term [101]. Assuming the interactions in NC QED aﬀect at least some high-energy cross
sections, the attainable high-energy bound can be crudely estimated as about (1 TeV)−2 by
noting that leading-order couplings involving θµν come with two powers of momentum, while
cross sections at 100 GeV are typically known to no better than about 1%. This bound is
compatible with existing analyses [102].
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Chapter 5
Exact results in NC QFT
The axiomatic approach to quantum ﬁeld theory (QFT) developed by Wightman, Jost, Bogoli-
ubov, Haag and others made QFT a consistent, rigorous theory (for references, see [103]-[106]).
In the framework of this approach, fundamental results, as the CPT and spin-statistics the-
orems, were proven. In addition, the axiomatic formulation of QFT has given the possibility
to derive analytical properties of scattering amplitudes and, as a result, dispersion relations.
Consequently, various rigorous bounds on the high-energy behaviour of scattering amplitudes
were obtained [107, 108].
Up to the present time, the study of NC QFT has been mostly done in the Lagrangean ap-
proach. However, it is of importance to develop also an axiomatic formulation of NC QFT,
which does not refer to a speciﬁc Lagrangean or perturbation theory and is valid for any type
of interaction. In the axiomatic formulation all the results are derived starting directly from
postulates, which encode in the most concise form the fundamentals of QFT. If in the La-
grangean approach one can still do calculations without, e.g., Lorentz invariance and locality,
and obtain some results, though not justiﬁed (because symmetries are actually hidden in the
NC Lagrangean), in the axiomatic formulation one cannot give up some postulates without
replacing them by other precise postulates. Once we know what is the minimal modiﬁcation of
the axioms which are no more valid in order to accommodate the NC QFT, our understanding
of the fundamentals of this theory will be enriched and the results obtained will be general
and exact. In this chapter we shall mainly argue for the advantages of one formulation over
another, leaving open the way for improvements. However, a decisive progress in the formu-
lation of the postulates of relativistic invariance and local commutativity (causality) has been
made in paper VI [21] and paper V [114], respectively.
Throughout this chapter we shall consider NC QFT with space-space noncommutativity and
choose the coordinate system so that θ3i = 0, and only the component θ12 = −θ21 = θ is
nonzero. This situation corresponds to a O(1, 1)  T(1,1) = P(1, 1) symmetry for the (x0, x3)
plane and a SO(2)  T2 = E2 symmetry for the (x1, x2) plane.
38
5.1 Noncommutative Wightman function
The ﬁrst step towards an axiomatic approach to NC QFT was made in [20], where the usual
Wightman functions, deﬁned as
W (x1, x2, ..., xn) = 〈0|φ(x1)φ(x2)...φ(xn)|0〉 (5.1)
were investigated, but now based on the symmetry group O(1, 1) × SO(2), to which the
Lorentz group is broken in NC space-time with space-space noncommutativity. Using the
usual Wightman functions as in (5.1), the validity of the CPT theorem was shown in [20].
In [57], a new form for the Wightman functions was deﬁned
W(x1, x2, ..., xn) = 〈0|φ(x1)  φ(x2)  ...  φ(xn)|0〉 , (5.2)
where (5.2) is the Weyl form of the operator-valued Wightman functions W (xˆ1, xˆ2, ..., xˆn) and
φ(x)  φ(y) = φ(x)e
i
2
θµν
←−
∂
∂xµ
−→
∂
∂yν φ(y) , (5.3)
which is the most natural generalization of the -product (1.17) for noncoinciding points [12].
The relations between W(x1, x2, ..., xn) deﬁned in (5.2) and W (x1, x2, ..., xn) deﬁned in (5.1)
is:
W(x1, x2, ..., xn) =
∏
a<b
exp
(
i
2
θµν
∂
∂xµa
∂
∂xνb
)
W (x1, x2, ..., xn) , (5.4)
which is a consequence of the general multiple -product
φ(x1)  ...  φ(xn) =
∏
a<b
exp
(
i
2
θµν
∂
∂xµa
∂
∂xνb
)
φ(x1)...φ(xn) , (5.5)
it is associative and for coinciding points x1 = x2 = ... = xn becomes identical to the multiple
Moyal -product.
The motivation for using the formulation (5.2) resides in the reconstruction theorem. In the
commutative case, a major achievement of the axiomatic approach to QFT is the reconstruc-
tion theorem proven by Wightman [111], which states that from a set of Wightman functions
with given properties, one can recover a certain quantum ﬁeld theory. In view of this theorem,
it is easy to understand that from the set of Wightman functions proposed in [20] one would
recover a commutative theory, but invariant under P(1, 1) × E2, as there is no trace of the
noncommutativity parameter θ in the entire formulation, except the Lorentz invariance broken
to a lower symmetry. The inclusion of noncommutativity eﬀects only into the vacuum state is
not suﬃcient, since the ﬁeld operators are deﬁned in the Heisenberg picture. We believe that
the formulation (5.2) will rescue the situation and the corresponding QFT would be in this
case a genuinely noncommutative one. Let us also mention that in the limit of all xi’s (or
part of them) equal to each other, the function (5.2) will automatically contain the necessary
-products for coinciding points, while from the deﬁnition (5.1) in no smooth way can one
arrive at the correct expression, which should have -products for coinciding points. Notice
that in the limit of coinciding points, the two diﬀerent expressions for Wightman functions
diﬀer from each other.
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5.2 CPT and spin-statistics theorems in axiomatic approach
CPT theorem
It is interesting that the proof of the CPT theorem for the scalar ﬁeld goes through in NC QFT
even when postulating the invariance of the theory under P(1, 1)×E2 and using the causality
and spectral postulates corresponding to this residual symmetry, i.e. as causality condition
one requires the vanishing of star-commutators of scalar ﬁelds at space-like separation in the
sense of SO(1, 1) (i.e. replace light-cone by light-wedge):
[φ(x), φ(y)] ≡ φ(x)  φ(y)− φ(y)  φ(x) = 0 , for (x0 − y0)2 − (x3 − y3)2 < 0, (5.6)
while the physical spectrum of the momentum operator is enlarged, correspondingly, to the
forward light-wedge:
Spec(p) = {(p0)2 − (p3)2 ≥ 0, p0 ≥ 0} . (5.7)
In the axiomatic approach to the NC QFT, the CPT theorem states that the CPT invariance
condition in terms of Wightman functions, e.g. in the case of a neutral scalar ﬁeld,
W(x1, x2, ..., xn) = W(−xn, ...,−x2,−x1) , (5.8)
for any values of x1, x2,...,xn, is equivalent to the weak local commutativity (WLC) condition,
W(x1, x2, ..., xn) = W(xn, ..., x2, x1) , (5.9)
where (x1−x2, ...,xn−1−xn) is a Jost point, i.e. x1, x2, ..., xn are mutually space-like separated
in the sense of SO(1, 1).
The theorem was proven [57] along usual lines [103] using the analytical continuation of Wight-
man functions to the complex plane only with respect to the x0 and x3 coordinates and the fact
that space-time inversion is connected to the identity in the complex SO(1, 1) group. Thus,
one makes heavily use of the similarities between SO(1, 3) and SO(1, 1), which are essential
for the proof, and of the fact that the analytical continuation is not aﬀected by the -product,
since the coordinates in which analytical continuation is performed (x0, x3) are fully disjoint
from the NC plane (x1, x2).
Spin-statistics theorem
For the case of a NC real scalar ﬁeld the spin-statistics relation can be proven using the local
commutativity condition and spectral condition corresponding to the residual P(1, 1) × E2
symmetry. The proof goes along similar lines with the usual case and does not pose special
diﬃculties [57].
At this point we have to make a remark concerning both the CPT and spin-statistics theorem:
although their proofs for the NC scalar ﬁeld go through even using the residual P(1, 1)× E2
symmetry, the complete proof of these theorems can be achieved only using the twisted-
Poincare´ symmetry and the concept of noncommutative relativistic invariance developed in
paper VI [21] and [28]. Only when using this symmetry we are allowed to speak about spinor,
vector etc. representations, which is not the case with the P(1, 1)× E2 symmetry.
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5.3 Froissart-Martin bound in NC QFT
The analytical properties of scattering amplitudes, in usual axiomatic approach, led to essential
and exact results, like the dispersion relations and the bound on the high-energy behaviour of
the scattering amplitude, i.e. results which are of fundamental importance for experimental
high-energy physics. It appears that these analytical properties are particularly sensitive to
the choice of the maximal symmetry of the NC QFT, i.e. twisted-Poincare´ symmetry versus
residual P(1, 1)× E2 symmetry.
The attempt to prove the forward dispersion relations using the causality condition (5.6)
showed that the proof goes through only in the particular conﬁguration when the incoming
particle momentum p is orthogonal to the noncommutative plane [112, 113].
In paper V [114] it was shown that with the same type of causality condition, the analyticity
of the 2→ 2-particle scattering amplitude in the cosine of the scattering angle Θ cannot even
be considered.
These failures, together with the understanding of the existence of the twisted-Poincare´ sym-
metry in NC QFT led us ﬁnally to challenging the causality condition (5.6) (and correspond-
ingly the spectral condition (5.7)).
In this section we shall not go through the lengthy calculations which brought us to this
conclusion, but rather emphasize the essential requirements and results, as presented in detail
in paper V [114].
Analyticity of the scattering amplitude in the cosine of the scattering angle, cosΘ
The Froissart-Martin bound,
σtot(E) ≤ c ln2 E
E0
, (5.10)
expresses the upper limit of the total cross-section of the 2→ 2-particle scattering, σtot, as a
function of the CMS energy E, when E →∞. It was ﬁrst proven by Froissart [107], using the
(conjectured, but never proven) analyticity in the entire E and cosΘ complex planes (Θ is
the scattering angle in the center-of-mass (CMS) system). The rigurous proof was given later
by Martin [108] who derived the actual domain of analyticity in cosΘ, the so-called Martin
ellipse. Before the work of Martin, a smaller domain of analyticity was known, the so-called
Lehmann ellipse, and the merit of Martin was to have enlarged the Lehmann ellipse, using
dispersion relations and the unitarity constraint on the partial-wave amplitudes.
One of the main ingredients in ﬁnding the analyticity domain of the scattering amplitude is
the so-called Jost-Lehmann-Dyson representation [109] of the Fourier transform of the matrix
element of the commutator of currents:
f(q) =
∫
d4xeiqxf(x) , (5.11)
where
f(x) = 〈p′|[j1(x2 ), j2(−
x
2
)]|p〉 , (5.12)
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satisfying the causality and spectral conditions. The process considered is the 2 → 2 scalar
particles scattering, k + p → k′ + p′, and j1 and j2 are the scalar currents corresponding to
the incoming and outgoing particles with momenta k and k′. Two essential requirements in
deriving this integral representation are the causality postulate and the spectral postulate,
which we took initially in the light-wedge:
• the commutators of observables (in this case, currents) vanish at space-like separation
in the sense of SO(1, 1):
[j1(
x
2
), j2(−x2 )] = 0 , for x˜
2 ≡ x20 − x23 < 0 . (5.13)
• the physical momenta are in the forward light-wedge:
p˜2 ≡ p20 − p23 > 0 and p0 > 0 . (5.14)
The calculation are presented in detail in paperV [114], with the result that the Jost-Lehmann-
Dyson representation for the retarded commutator of currents was obtained in the form:
fR(q) =
∫
d2u˜dκ2
φ(u˜, q1, q2, κ2)
(q0 − u0)2 − (q3 − u3)2 − κ2 , (5.15)
where φ is a function which vanishes in a certain domain determined by the spectral axiom
and causality condition, but otherwise is arbitrary.
With the use of (5.15), the scattering amplitude can be written in the form:
M(E, cosΘ) = i
∫
d2u˜dκ2
φ(u˜, κ2, k + p, (k′ − p′)1,2)[
1
2(k˜
′ − p˜′) + u˜
]2 − κ2 , (5.16)
where φ(u˜, κ2, ...) is a function of its SO(1, 1)- and SO(2)-invariant variables: u20 − u23, (k0 +
p0)2 − (k3 − p3)2, (k1 + p1)2 + (k2 + p2)2, (k′1 − p′1)2 + (k′2 − p′2)2,...
At this point it is instructive to compare the scattering amplitude (5.16) with the result in
the commutative case (see, e.g., [110]):
M(E, cosΘ) = i
∫
d4udκ2
φ(u, κ2, k + p)[
1
2(k
′ − p′) + u]2 − κ2 . (5.17)
In order to be able to draw any conclusion on the analyticity of the scattering amplitude in
cosΘ, it is essential that the arbitrary function φ does not depend on cosΘ. If we look at the
expression for the commutative case (5.17), it is clear that all dependence on cosΘ is contained
in the denominator, so the arbitrariness of the function φ does not impair the analyticity
consideration. However, in expression (5.16), the function φ depends on the outgoing particle
momenta, therefore it depends on cosΘ. Thus it is impossible to draw any conclusion about
the analyticity of (5.16) in cosΘ.
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This lack of analyticity reduces tremendously the predictive power of NC QFT as compared to
the usual QFT. However, in the derivation presented above, the twisted Poincare´ symmetry of
NC QFT was not exploited at all. Moreover, the causality condition used, (5.13), is extremely
week, allowing for inﬁnite nonlocality in the noncommutative plane (x1, x2). In the following
we shall show that the use of a stronger causality condition, based on physical arguments, and
supported by the twisted Poincare´ symmetry, will bring us to analyticity properties similar to
the commutative case.
Causality condition in NC QFT
The causality condition
C(x) = [O1(
x
2
), O2(−x2 )] = 0 , for x˜
2 ≡ x20 − x23 < 0 , (5.18)
where O1 and O2 are two observables of the theory, would be suitable in the case when the
nonlocality in the NC variables x1 and x2 is inﬁnite, which is not the case on a space with the
commutation relation [x1, x2] = iθ, which implies ∆x1∆x2 ≥ θ2 . The fact that in the causality
condition (5.18) the coordinates x1 and x2 do not enter means that the propagation of a signal
in this plane is instantaneous: no matter how far apart two events are in the noncommutative
coordinates, the allowed region for correlation is given by only the condition x20 − x23 > 0,
which involves the propagation of a signal only in the x3-direction, while the time for the
propagation along x1- and x2-directions is totally ignored.
Admitting that the scale of nonlocality in x1 and x2 is l ∼
√
θ, then the propagation of
interaction in the noncommutative coordinates is instantaneous only within this distance l. It
follows then that two events are correlated, i.e. f(x) = 0, when x21 + x22 ≤ l2 (where x21 + x22
is the distance in the NC plane with SO(2) symmetry), provided also that x20 − x23 ≥ 0 (the
events are time-like separated in the sense of SO(1, 1)). Adding the two conditions, we obtain
that
C(x) = 0 , for x20 − x23 − (x21 + x22 − l2) ≥ 0 . (5.19)
The negation of condition (5.19) leads to the conclusion that the locality condition should
indeed be given by:
C(x) = 0 , for x˜2 − (x21 + x22 − l2) ≡ x20 − x23 − (x21 + x22 − l2) < 0 ,
or, equivalently,
C(x) = 0 , for x20 − x23 − (x21 + x22) < −l2 , (5.20)
where l2 is a constant proportional to NC parameter θ. When l2 → 0, (5.20) becomes the
usual locality condition.
When x21 + x
2
2 > l
2, for the propagation of a signal only the diﬀerence x21 + x
2
2 − l2 is time-
consuming and thus in the locality condition it is the quantity x20 − x23 − (x21 + x22 − l2) which
will occur. Therefore, we shall have again the locality condition in the form:
C(x) = 0 , for x20 − x23 − (x21 + x22 − l2) < 0 ,
which is equivalent to (5.20).
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In fact, as a result of a theorem of Wightman-Vladimirov-Petrina [115], the causality condition
(5.20) is actually equivalent to the usual causality condition of the commutative QFT:
C(x) = 0 , for x20 − x21 − x22 − x23 < 0 . (5.21)
This form of the causality condition is supported by the invariance of the theory under twisted-
Poincare´ algebra, according to which the usual distance in the Minkovski space, x20−x21−x22−x23,
is the invariant of the theory as shown in paper VI [21], and not the distance corresponding
to the light-wedge.
Correspondingly, the twisted Poincare´ invariant form of the spectral condition will read as
p20 − p21 − p22 − p23 ≥ 0, p0 > 0 , (5.22)
since the Casimir operator of the twisted Poincare´ symmetry is identical to the usual one
corresponding to m2.
Froissart-Martin bound
The new causality condition leads to the same dependence of the scattering amplitude on cosΘ
as in the commutative case, therefore to the analyticity of the scattering amplitude in cosΘ
in an analog of the Lehmann ellipse. This statement is valid irrespective of the orientation
of the incoming momentum with respect to the noncommutative plane. However, in order to
obtain an analog of the Froissart bound, this domain has to be enlarged to the so-called Martin
ellipse, using the forward dispersion relation and the unitarity constraints on the partial-wave
amplitudes.
Since the dispersion relation is a direct consequence of the causality condition, with the new
condition (5.21), the dispersion relation can be written, just as in the commutative case.
However, the unitarity constraint on partial-wave amplitudes is extremely involved in the
noncommutative case, when the number of angular variables in the scattering amplitude is
higher than in the commutative case (four angular variables in the most general case of space-
time noncommutativity, three angular variables in the case of space-space noncommutativity)
[116]. The only situation in which the extension to Martin ellipse can be performed is the
conﬁguration in which the incoming particle momentum is orthogonal to the noncommutative
plane, because the unitarity constraint on partial waves is then simple and similar to the
commutative case.
Therefore, for theories with space-space noncommutativity (θ0i = 0), the total cross-section is
subject to an upper bound identical to the Froissart-Martin bound in its high-energy behav-
iour, when the incoming particle momentum p is orthogonal to the NC plane. Thus in paper
V [114] was found the ﬁrst example of a nonlocal theory, in which cross-sections do have an
exactly derived upper high-energy bound.
There remains still to be investigated the question whether any bound can in principle be
obtained for the case when the incoming particle momentum is not orthogonal to the NC
plane. Such a possibility is not ruled out up to the present time, although the actual derivation
of such a bound appears to pose diﬃculties. However, may a high-energy bound be found for
a general conﬁguration, this would cast a new light especially on the UV/IR mixing, proving
it to be an artifact of perturbation theory.
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Chapter 6
Conclusions
Strong arguments coming from quantum mechanics combined with gravitation theory [8] and
from open string theory in the presence of a background ﬁeld [9, 10] are in support of the
long-held belief that at very short-distance scale, where quantum gravity eﬀects become sig-
niﬁcant, the concept of space-time as a manifold breaks down and a description in terms of
noncommuting coordinate operators may be a solution. Thus the study of quantum ﬁeld the-
ory on noncommutative space-time, though certainly not the ultimate theory, would give new
insights into a more realistic theory of quantum gravity.
It is indeed very likely that many features appearing in noncommutative quantum ﬁeld theory
will reappear in the context of string theory based on noncommutative geometry: as sum-
marized in [11], noncommutativity enters into open string theory essentially because open
strings interact by joining at their ends, and the choice of one or the other of the two ends
corresponds formally to acting on the corresponding ﬁeld by multiplication on the left or on
the right; these are diﬀerent. This is at such a fundamental level that it has long been thought
that noncommutativity should be central to the subject.
Besides the insights into string theory, noncommutive ﬁeld theories are interesting in their own
right, as this thesis has endeavoured to show. The novel features coming from the nonlocality
and lack of Lorentz invariance proved sometimes puzzling and in deﬁance of naive expecta-
tions. The removal of UV divergences - the very ﬁrst historical motivation for introducing
noncommutativity of coordinates - was not achieved (except on compact or semi-compact
space-times), rather an interplay of the high-energy phenomena with low-energy ones has
been noticed in the dependence of the UV divergences on the (global) topological properties
of space-time and in the UV/IR mixing.
The study of fundamental properties of NC QFT, like unitarity, causality, spin-statistics theo-
rem has distinguished between theories with space-space noncommutativity and theories with
space-time noncommutativity, in the sense that the ﬁrst are well-deﬁned, while the latter
are pathological. In this study, another strong point of contact with the string theory was
found, the well-deﬁned NC ﬁeld theories appearing to be only those which can be obtained as
low-energy eﬀective limits from open string theory.
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It is likely that noncommutative ﬁeld theories have some direct relevance for particle physics
phenomenology, or possible relevance in the early universe. In order to investigate possible
signatures of noncommutativity, the construction of realistic models is required, and this led
to the study of noncommutative gauge theories. There are numerous novel aspects in the
two main noncommutative versions of the Standard Model, which have been presented in this
thesis, and they gave rise to a rich literature in noncommutative phenomenology. Up to now
the bounds obtained are fairly weak, around 10 − 100 TeV , though a deeper understanding
of the models is likely to lead to stronger bounds.
The encouraging investigations within Lagrangean approach (perturbation theory) gave us
conﬁdence towards the ambitious goal of constructing an axiomatic formulation of noncom-
mutative quantum ﬁeld theory. The modiﬁcation of the postulates of the commutative theory
in a minimal manner, in order to still describe the noncommutative theory, has been a chal-
lenge and a full understanding of the changes and their implications has not yet been achieved.
However, a breakthrough has been already made in realizing the twisted Poincare´ symmetry of
noncommutative quantum ﬁeld theories, leading to a new concept of ”relativistic invariance”.
The investigation of ﬁeld theories on noncommutative space-time has shown that ﬁeld theory
has still undreamed of valences. More surprising features are still to be expected and their
understanding will certainly broaden our imagination of high energy physics. The ultimate
question whether our space-time is indeed a quantum object and what should replace the
well-established relativistic invariance is one of the fundamental issues in basic research in
theoretical physics.
46
Bibliography
[1] A. Connes, Noncommutative Geometry, Academic Press, 1994;
G. Landi, An Introduction to Noncommutative Spaces and their Geometries, Springer-
Verlag, 1997;
J. Madore, An Introduction to Noncommutative Geometry and its Physical Applications,
Cambridge University Press, 1999;
J. M. Gracia-Bond´ıa, J. C. Va´rilly and H. Figueroa, Elements of Noncommutative Geom-
etry, Birkha¨user, 2000.
[2] W. Heisenberg (1954), as quoted in
H.P. Du¨rr, Werner Heisenberg und die Physik unserer Zeit, (S.299, Fr.Vieweg u. Sohn,
Braunschweig, 1961) and
H. Rampacher, H. Stumpf and F. Wagner, Fortsch. Phys. 13 (1965) 385.
[3] H. S. Snyder, Phys. Rev. 71 (1947) 38.
[4] C. N. Yang, Phys. Rev. 72 (1947) 874.
[5] A. Connes, Inst. Hautes E´tudes Sci. Publ. Math. 62 (1985) 257;
V. G. Drinfel’d, in Proc. of the International Congress of Mathematicians (Berkely, 1986)
(American Mathematical Society, 1987);
S. L. Woronowicz, Publ. Res. Inst. Math. Sci. 23 (1987) 117; Commun. Math. Phys. 111
(1987) 613.
[6] A. Connes and M. A. Rieﬀel, Contemp. Math. 62 (1987) 237.
[7] A. Connes and J. Lott, Nucl. Phys. (Proc. Suppl.) B 18 (1990) 29;
J. C. Va´rilly and J. M. Gracia-Bond´ıa, J. Geom. Phys. 12 (1993) 223;
C. P. Mart´ın, J. M. Gracia-Bond´ıa and J. C. Va´rilly, Phys. Rep. 294 (1998) 363, hep-
th/9605001.
[8] S. Doplicher, K. Fredenhagen and J. E. Roberts, Phys. Lett. B 331 (1994) 39;
S. Doplicher, K. Fredenhagen and J. E. Roberts, Comm. Math. Phys. 172 (1995) 187,
hep-th/0303037.
[9] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, JHEP 9902 (1999) 016, hep-th/9810072.
[10] N. Seiberg and E. Witten, JHEP 9909 (1999) 032, hep-th/9908142.
47
[11] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977, hep-th/0106048.
[12] R. J. Szabo, Phys. Rept. 378 (2003) 207, hep-th/0109162.
[13] H. Weyl, The Theory of Groups and Quantum Mechanics, Dover, New York, 1931.
[14] E. P. Wigner, Phys. Rev. 40 (1932) 749.
[15] H. J. Groenewold, Physica 12 (1946) 405;
J. E. Moyal, Proc. Cambridge Phil. Soc. 45 (1949) 99.
[16] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Ann. Phys. 111
(1978) 61;
M. Kontsevich, Lett. Math. Phys. 66 (2003) 157, q-alg/9709040.
[17] J. Madore, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 16 (2000) 161, hep-
th/0001203.
[18] H. Garc´ıa-Compea´n and J. F. Pleban´ski, Nucl. Phys. B 618 (2001) 81, hep-th/9907183;
P.-M. Ho and Y.-T. Yeh, Phys. Rev. Lett. 85 (2000) 5523, hep-th/0005159;
L. Cornalba and R. Schiappa, Commun. Math. Phys. 225 (2002) 33, hep-th/0101219;
A. Yu. Alekseev, A. Recknagel and V. Schomerus, Mod. Phys. Lett. A 16 (2001) 325,
hep-th/0104054.
[19] L. A´lvarez-Gaume´, J. L. F. Barbo´n and R. Zwicky, JHEP 0105 (2001) 057, hep-
th/0103069.
[20] L. A´lvarez-Gaume´ and M. A. Va´zquez-Mozo, Nucl. Phys. B 668 (2003) 293, hep-
th/0305093.
[21] M. Chaichian, P. Kulish, K. Nishijima and A. Tureanu, On a Lorentz-Invariant Inter-
pretation of Noncommutative Space-Time and Its Implications on Noncommutative QFT,
hep-th/0408069, to appear in Phys. Lett. B.
[22] V. G. Drinfeld, Leningrad Math. J. 1 (1990) 321.
[23] N. Yu. Reshetikhin, Lett. Math. Phys. 20 (1990) 331.
[24] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press,
Cambridge, 1994.
[25] M. Chaichian and A. Demichev, Introduction to Quantum Groups, World Scientiﬁc, Sin-
gapore, 1996.
[26] J. Wess, Deformed Coordinate Spaces: Derivatives, hep-th/0408080.
[27] P. P. Kulish and A. I. Mudrov, Proc. Steklov Math. Inst. 226 (1999) 97.
[28] M. Chaichian, P. Presˇnajder and A. Tureanu, New Concept of Relativistic Invariance in
NC Space-Time: Twisted Poincare´ Symmetry and Its Implications, hep-th/0409096.
48
[29] M. Chaichian and A. Demichev, Path Integrals in Physics, volumes I and II, Institute of
Physics Publishing, Bristol, 2001.
[30] M. Chaichian, P. Presˇnajder, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Lett. B 527
(2002) 149, hep-th/0012175.
[31] M. Chaichian, A. Demichev, P. Presˇnajder, M. M. Sheikh-Jabbari and A. Tureanu, Nucl.
Phys. B 611 (2001) 383, hep-th/0101209.
[32] T. Filk, Phys. Lett. B 376 (1996) 53.
[33] M. Chaichian, A. Demichev and P. Presˇnajder, Nucl. Phys. B 567 (2000) 360, hep-
th/9812180.
[34] J. Hoppe, Elem. Part. Res. J. 80 (1989) 145;
J. Madore, J. Math. Phys. 32 (1991) 332.
[35] H. Grosse, C. Klimcˇ´ık and P. Presˇnajder, Int. J. Theor. Phys. 35 (1996) 231;
H. Grosse, C. Klimcˇ´ık and P. Presˇnajder, Commun. Math. Phys. 185 (1997) 155.
[36] M. Chaichian, A. Demichev and P. Presˇnajder, J. Math. Phys. 41 (2000) 1647, hep-
th/9904132.
[37] S. Minwalla, M. van Raamsdonk and N. Seiberg, JHEP 0002 (2000) 020, hep-th/9912072.
[38] A. Matusis, L. Susskind and N. Toumbas, JHEP 0012 (2000) 002, hep-th/0002075.
[39] J. Wess and B. Zumino, Nucl. Phys. B 70 (1974) 39.
[40] J. Wess and J. Bagger, Supersymmetry and Supergravity, Priceton University Press, 1992.
[41] J. Gomis and T. Mehen, Nucl. Phys. B 591 (2000) 265, hep-th/0005129.
[42] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802 (1998) 003, hep-th/9711162.
[43] M. R. Douglas and C. Hull, JHEP 9802 (1998) 008, hep-th/9711165.
[44] N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006 (2000) 044, hep-th/0005040.
[45] R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, JHEP 0006 (2000) 036,
hep-th/0005048.
[46] O. Aharony, J. Gomis and T. Mehen, JHEP 0009 (2000) 023, hep-th/0006236.
[47] M. Chaichian, A. Demichev, P. Presˇnajder and A. Tureanu, Eur. Phys. J. C 20 (2001)
767, hep-th/0007156; Phys. Lett. B 515 (2001) 426.
[48] D. Bahns, S. Doplicher, K. Fredenhagen and G. Piacitelli, Phys. Lett. B 533 (2002) 178,
hep-th/0201222.
49
[49] Y. Liao and K. Sibold, Eur. Phys. J. C 25 (2002) 469, hep-th/0205269; Eur. Phys. J. C
25 (2002) 479, hep-th/0206011.
[50] Y. Liao and Ch. Dehne, Eur. Phys. J. C 29 (2003) 125, hep-ph/0211425.
[51] N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006 (2000) 044, hep-th/0005015.
[52] Thorsten Ohl, Reinhold Ru¨ckl and Jo¨rg Zeiner, Nucl. Phys. B 676 (2004) 229-242, hep-
th/0309021.
[53] M. Chaichian, K. Nishijima and A. Tureanu, Phys. Lett. B 568 (2003) 146, hep-
th/0209008.
[54] M. M. Sheikh-Jabbari, Phys. Lett. B 455 (1999) 129, hep-th/9901080.
[55] F. J. Dyson and A. Lennard, J. Math. Phys. 8 (1967) 423; J. Math. Phys. 9 (1968) 698;
E. H. Lieb and W. Thirring, Phys. Rev. Lett. 35 (1975) 687.
[56] R. C. Hilborn and G. M. Tino, Eds., Proceedings of the Conference on Spin-Statistics
Connection and Commutation Relations, Capri, 2000, AIP Conference Proceedings, vol.
545, 2000.
[57] M. Chaichian, M. N. Mnatsakanova, K. Nishijima, A. Tureanu and Yu. S. Vernov, Towards
and Axiomatic Formulation of Noncommutative Quantum Field Theory, hep-th/0402212.
[58] O. W. Greenberg, Phys. Rev. Lett. 89 (2002) 231602, hep-ph/0201258.
[59] O. W. Greenberg, Why is CPT Fundamental?, hep-ph/0309309.
[60] M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84 (2000) 5265, hep-th/0001167.
[61] P. Aschieri, B. Jurcˇo, P. Schupp and J. Wess, Nucl. Phys. B 651 (2003) 45, hep-
th/0205214.
[62] K. Nishijima, Fundamental Particles, W. A. Benjamin, Inc., New York, 1963.
[63] L. Bonora, M. Schnabl, M. M. Sheikh-Jabbari and A. Tomasiello, Nucl. Phys. B 589
(2000) 461, hep-th/0006091.
[64] B. Jurcˇo, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 17 (2000) 521, hep-
th/0006246.
[65] I. Bars, M. M. Sheikh-Jabbari and M.A. Vasiliev, Phys. Rev. D 64 (2001) 086004, hep-
th/0103209.
[66] M. Hayakawa, hep-th/9912167; Phys. Lett. B 478 (2000) 394, hep-th/9912094.
[67] M. M. Sheikh-Jabbari, JHEP 9906 (1999) 015, hep-th/9903107.
[68] C. P. Martin and D. Sanchez-Ruiz, Phys. Rev. Lett. 83 (1999) 476, hep-th/9903077;
T. Krajewski and R. Wulkenhaar, Int. J. Mod. Phys. A 15 (2000) 1011, hep-th/9903187.
50
[69] M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84 (2000) 5265, hep-th/0001167.
[70] L. A´lvarez-Gaume´ and J. L. F. Barbo´n, Int. J. Mod. Phys. A 16 (2001) 1123, hep-
th/0006209.
[71] M. Chaichian, P. Presˇnajder, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Lett. B 526
(2002) 132, hep-th/0107037.
[72] M. Chaichian, P. Presˇnajder, M. M. Sheikh-Jabbari and A. Tureanu, Eur. Phys. J. C
29, 413 (2003), hep-th/0107055.
[73] A. Armoni, Nucl. Phys. B 593 (2001) 229, hep-th/0005208.
[74] J. L. Hewett, F. J. Petriello and T. G. Rizzo, Phys. Rev. D 66 (2002) 036001, hep-
ph/0112003.
[75] M. Chaichian, A. Kobakhidze and A. Tureanu, Spontaneous Reduction of Noncommuta-
tive Gauge Symmetry and Model Building, hep-th/0408065.
[76] C. S. Chu and H. Dorn, Phys. Lett. B 524 (2002) 389, hep-th/0110147.
[77] C. S. Chu, V. V. Khoze and G. Travaglini, Phys. Lett. B 543 (2002) 318, hep-th/0112139.
[78] M. Fukugita and S. Yazaki, Phys. Rev. D 36 (1987) 3817;
G. Altarelli, R. Barbieri and F. Caravaglios, Int. J. Mod. Phys. A 13 (1998) 1031, hep-
ph/9712368;
G. Altarelli, F. Caravaglios, G.F. Giudice, P. Gambino and G. Ridolﬁ, JHEP 0106 (2001)
018, hep-ph/0106029.
[79] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Phys. Rev. Lett. 86 (2001) 2716,
hep-th/0010175.
[80] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, Phys. Rev.
Lett. 87 (2001) 141601, hep-th/0105082.
[81] F. Ardalan and N. Sadooghi, Int. J. Mod. Phys. A 16 (2001) 3151, hep-th/0002143; Int.
J. Mod. Phys. A 17 (2002) 123, hep-th/0009233;
J. M. Gracia-Bond´ıa and C. P. Martin, Phys. Lett. B 479 (2000) 321, hep-th/0002171;
L. Bonora, M. Schnabl and A. Tomasiello, Phys. Lett. B 485 (2000) 311, hep-th/0002210.
[82] K. Intriligator and J. Kumar, -Wars Episode I: The Phantom Anomaly, Nucl. Phys. B
620 (2002) 315, hep-th/0107199.
[83] J. Madore, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 16, 161 (2000), hep-
th/0001203.
[84] B. Jurcˇo, L. Mo¨ller, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 21 (2001) 383,
hep-th/0104153.
51
[85] X. Calmet, B. Jurcˇo, P. Schupp, J. Wess and M. Wohlgenannt, Eur. Phys. J. C 23 (2002)
363, hep-ph/0111115.
[86] I. Hinchliﬀe, N. Kersting and Y. L. Ma, Int. J. Mod. Phys. A 19 (2004) 179, hep-
ph/0205040.
[87] S. Godfrey and M. A. Doncheski, Hamburg 2002, Supersymmetry and uniﬁcation of fun-
damental interactions, vol. 2, 1463, hep-ph/0211247.
[88] I. F. Riad and M. M. Sheikh-Jabbari, JHEP 0008 (2000) 045, hep-th/0008132.
[89] P-M. Ho and H-C. Kao, Phys. Rev. Lett. 88 (2002) 151602, hep-th/0110191.
[90] J. L. Hewett, F. J. Petriello and T. G. Rizzo, Phys. Rev. D 64 (2001) 075012, hep-
ph/0010354.
[91] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, Eur. Phys. J. C 36 (2004) 251,
hep-th/0212259.
[92] I. Mocioiu, M. Pospelov and R. Roiban, Phys. Lett. B 489 (2000) 390, hep-ph/0005191.
[93] A. Anisimov, T. Banks, M. Dine and M. Graesser, Phys. Rev. D 65 (2002) 085032,
hep-ph/0106356.
[94] C. E. Carlson, C. D. Carone and R. F. Lebed, Phys. Lett. B 518 (2001) 201, hep-
ph/0107291.
[95] C. D. Lane, Atomic Probes of Noncommutative Field Theory, hep-ph/0201039.
[96] L. R. Hunter et al., CPT and Lorentz Symmetry, Bloomington 1998, 180.
[97] D. Bear, R. E. Stoner, R. L. Walsworth, V. A. Kostelecky and C. D. Lane, Phys. Rev.
Lett. 85 (2000) 5038, physics/0007049.
[98] I. Mocioiu, M. Pospelov and R. Roiban, Limits on the Noncommutativity Scale, hep-
ph/0110011.
[99] I. Hinchliﬀe and N. Kersting, Phys. Rev. D 64 (2001) 116007, hep-ph/0104137.
[100] D. E. Groom, et al., The Review of Particle Physics, Eur. Phys. J. C 15 (2000) 1.
[101] D. Colladay and V. A. Kostelecky´, Phys. Lett. B 511 (2001) 209, hep-ph/0104300.
[102] J. Hewett, F. Petriello and T. Rizzo, Phys. Rev. D 64 (2001) 075012, hep-ph/0010354;
P. Mathews, Phys. Rev. D 63 (2001) 075007.
[103] R. F. Streater and A. S. Wightman, PCT, Spin, Statistics and All That, W. A. Benjamin,
Inc., New York, 1964, and references therein.
[104] R. Jost, The General Theory of Quantized Fields, American Mathematical Society, Prov-
idence, 1965.
52
[105] N. N. Bogoliubov, A. A. Logunov and I. T. Todorov, Introduction to Axiomatic Quantum
Field Theory, W. A. Benjamin, Inc., New York, 1975.
[106] R. Haag, Local Quantum Physics, Springer, Berlin, 1996.
[107] M. Froissart, Phys. Rev. 123 (1961) 1053.
[108] A. Martin, Nuovo Cim. 42 (1966) 901.
[109] H. Lehmann, Nuovo Cim. 10 (1958) 579;
R. Jost and H. Lehmann, Nuovo Cim. 5 (1957) 1598;
F. Dyson, Phys. Rev. 110 (1958) 1460.
[110] S. S. Schweber, An Introduction to Relativistic Quantum Field Theory, Row, Peterson
and Company, 1961.
[111] A. S. Wightman, Phys. Rev. 101 (1956) 860.
[112] Y. Liao and K. Sibold, Phys. Lett. B 549 (2002) 352, hep-th/0209221.
[113] M. Chaichian, M. N. Mnatsakanova, A. Tureanu and Yu. S. Vernov, Nucl. Phys. B 673
(2003) 476, hep-th/0306158.
[114] M. Chaichian and A. Tureanu, Jost-Lehmann-Dyson Representation and Froissart-
Martin Bound in Quantum Field Theory on Noncommutative Space-Time, hep-
th/0403032.
[115] A. S. Wightman, Matematika 6:4 (1962) 96; J. Indian Math. Soc. 24 (1960-61) 625;
V. S. Vladimirov, Sov. Math. Dokl. 1 (1960) 1039; Methods of the Theory of Functions
of Several Complex Variables, Cambridge, Massachusetts, MIT Press, 1966;
D. Ya. Petrina, Ukr. Mat. Zh. 13 No. 4 (1961) 109 (in Russian).
[116] M. Chaichian, C. Montonen and A. Tureanu, Phys. Lett. B 566 (2003) 263, hep-
th/0305243.
53
